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Introduction
Motivation
Equilibrium Correspondence

Motivation

Applied general equilibrium models are ubiquitous in economics

Multiplicity of equilibria is a serious threat to
predictions and sensitivity analysis

Sufficient conditions for uniqueness exist but are too restrictive
Uniqueness of equilibrium is often just assumed

Algorithms for solving applied models do not search for
more than one equilibrium

Prevalence of multiplicity in “realistically calibrated” models
is largely unknown
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Our Paper

Develop theoretical foundation for the analysis of multiplicity
in GE models

Describe the equilibrium correspondence in simple terms
to facilitate fast computation of all equilibria
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Univariate Polynomial Representation

Under some mild conditions, for generic parameters & every

equilibrium x* = (x{',x3, ..., x5;) along with a positive number y*
is among the finitely many solutions of
X1 - v(&y) =0
Xy = w(&y) =0
=0
xm — wvm(&y) =0
r(&y) =0

Polynomials v; in y

Polynomial r(&;y) in y; zeros of r easy to find for fixed &
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Arrow-Debreu Exchange Economy

Standard finite Arrow-Debreu exchange economy
e H agents, he {1,2,...,H}
e L goods, I €{1,2,...,L}

Each individual h is characterized by
h L
e endowments e” € R} ,
e utility function u” : R_Li_ —-R

u is C1, strictly increasing, and strictly concave
(and more to come)
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Equilibrium

Agents maximize utility
max.  u(c)

s.t. p-(c—eM=0

Optimal solution ¢ = (cf', ¢, ..., c[’)

Market-clearing condition

Yl = D e, Vi=1,...,1L

heH heH
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Interior Walrasian Equilibrium

h

Unknown: prices p, allocations ¢/, multipliers \”

Interior Walrasian equilibrium is a strictly positive solution to

Y —ef) =0, I=1,...,L-1
heH

L

Sh-1 = 0

I=1

Many polynomial equations
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Outline
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@ Equilibrium Correspondence

© Semi-algebraic Exchange Economies
@ Semi-algebraic Sets and Functions
@ Semi-algebraic Marginal Utility
@ Equilibria and Polynomial Equations
© Computational Algebraic Geometry
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@ Equilibria
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o Multiplicity
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Semi-algebraic Exchange Economies

Polynomials

Monomial in x1,x2,...,x, 1 X
Exponents a = (a1, a2, ...,ap) € ZJ’\F’

Polynomial f in the n variables xy, x, ..., x, is a linear combination
of finitely many monomials with coefficients in a field K

F(x) =D aux®, a. €K, ScZV finite

Examples of K: Q, R, C
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Semi-algebraic Exchange Economies

Semi-Algebraic Sets

Every semi-algebraic subset of R” can be written as the finite
union of sets

(X ER":f(x) = = fi(x) =0, g1(x) > 0,....gm(x) > 0},

where fi,...,f;,g1,...,8m are polynomials in x (with coefficients
in R).

A semi-algebraic set A can be decomposed into a finite union of
disjoint semi-algebraic sets (A;)"_; where each A; is (semi-
algebraically) homeomorphic to an open hypercube (0,1)% for
some d; > 0.

The dimension of A is dim(A) = max{di,...,dp}.
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Semi-algebraic Exchange Economies

Semi-Algebraic Functions

Function ¢ : A — R™ is semi-algebraic if its graph
{(y) eR"xR™: x €A, y =¢(x)}
is a semi-algebraic subset of R™™

Lemma: Let ¢ : A — R be a semi-algebraic function. Then there
exists a nonzero polynomial f(x,y) in the variables x1, ..., x5,y
such that for every x € A it holds that f(x, ¢(x)) = 0.

Proof of Lemma yields simple construction of f

y:QS(X) = f(XJy):f(X7¢(X)):O

But f(x,y) = 0 may have other solutions y # ¢(x)
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Semi-algebraic Exchange Economies

Example

The function ¢ : R4+ — R defined by

6 — 2x 0<x<2,
% 2 < X.

is semi-algebraic.

Graph of ¢
{(va)eRXR: x€Ryy, y:gb(x)}
= {(x,y) :y—(6—-2x)=0,x > 0,—x > =2}
U {(x,y):y—(6—-2x)=0,x—2=0}
U {(x,y):yx—1=0,x >2}

f(x,y) = (y — (6 — 2x))? (yx — 1) not square-free
fix,y) =(y — (6 —2x)) (yx — 1)
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Semi-algebraic Exchange Economies

Marginal Utility

Key assumption:
Marginal utility O, uh Ri — R is semi-algebraic
Previous lemma implies:

There exists a nonzero polynomial m"(c, y) such that for all c,

m;’(c, 6C,uh(c)) =0
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Semi-algebraic Marginal Utility
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Example

Utility
8 \c 0<c<1,
u(c) =< 6c—c? + const l1<c<2,
4 1In(c) + const 2<c.
Marginal utility

4
/< 0<c<l,
V(c)=4 6—-2c 1<c<2,
% 2<ec.

Polynomial

m(c,y) = (16 — cy®)(6 — 2c — y)(4 — cy)

satisfies m(c, u’(c)) =0 for all ¢ > 0
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Semi-algebraic Marginal Utility

Most utility functions used in applied research satisfy our
assumptions

Semi-algebraic preferences as in Blume and Zame (1992) satisfy
the assumptions

Any finite set of observations of demands and prices that can be
rationalized by any increasing utility function can be rationalized
by a strictly concave semi-algebraic C! utility function

Assumptions impose no restrictions on equilibrium multiplicity
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Semi-algebraic Exchange Economies
Equilibria and Polynomial Equatlons

Polynomial Equilibrium Equations

Equation (part of first-order conditions)

A u(c") = Np=0, 1=1,...,L

transformed into polynomial equation

mf(ch,)\hp) =0, I=1,...

Polynomial F(c’, A", p) with ¢t = (¢!, c?,...,cM)
[ mi(ch, \"p), h=1,....,H, [=1,...,L
p-(ch—eh), h=1,...,H
F(c™, A", p) =
ZhEH(C/h_elh)’ l:17...,L_1
. >p—1

Competitive Equilibria in Semi-Algebraic Economies
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Equilibria and Polynomlal Equatlons

Equilibria and Polynomial Equations

All Walrasian equilibria are among the solutions to the system
F(c™, M\ p) =o.
For generic endowments e’? the square matrix
Oorynp F(T N, p) =0

has full rank at all Walrasian equilibria.
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Semi-algebraic Exchange Economies

Equilibria and Polynomial Equations

All Walrasian equilibria are among the solutions to the system
F(c™, M\ p) =o.
For generic endowments e’? the square matrix
Oorynp F(T N, p) =0

has full rank at all Walrasian equilibria.

Task at hand: describe solution set to F(c™, A", p) =0

Kubler, Schmedders Competitive Equilibria in Semi-Algebraic Economies



Ideals and Varieties
Computational Algebraic Geometry The Shape Lemma

Polynomial Ideals

Polynomial ring K[xi, ..., x,] = set of all polynomials in
x = (x1,...,Xn) with coefficients in some field K

I € K[x] is an ideal,
o iff,gel, thenf4+gcl,
o if f €/ and h € K[x], then hf € [ for

Ideal generated by f1,. .., f,

k
I={>_ hifi o hi € K]} = (A, ),
i=1

Polynomials fi, ..., fx are basis of /

Kubler, Schmedders Competitive Equilibria in Semi-Algebraic Economies



Ideals and Varieties
Computational Algebraic Geometry The Shape Lemma

Complex Varieties

Set of common complex zeros of fi,.. ., fy € K[x]

V(fi,fay..., k) ={x € C": fi(x) = h(x) = ... = fr(x) = 0}

V(f, fa, ..., fx) complex variety defined by f1, %, ..., fx
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Complex Varieties

Set of common complex zeros of fi,.. ., fy € K[x]

V(fi,fay..., k) ={x € C": fi(x) = h(x) = ... = fr(x) = 0}

V(f, fa, ..., fx) complex variety defined by f1, %, ..., fx
Study of polynomial equations on algebraically closed fields

Field R is not algebraically closed, but C is
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Complex Varieties

Set of common complex zeros of fi,.. ., fy € K[x]

V(fi,fay..., k) ={x € C": fi(x) = h(x) = ... = fr(x) = 0}

V(f, fa, ..., fx) complex variety defined by f1, %, ..., fx
Study of polynomial equations on algebraically closed fields
Field R is not algebraically closed, but C is

For anideal | = (f,...,fx) = (g1,...,8)

V(I) = V(fia f27"'>fk) = V(g17g27"'7g/)‘
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Simple Version of the Shape Lemma

V(Ao fy) = {x € C7 (%) = olx) = ... = folx) = 0}
is zero-dimensional and has d complex roots

No multiple roots

All roots have distinct value for last coordinate x,

Then:
V(. fo,.... ) = V(G) where
G = {x1 —vi(xn), X2 — va(Xn), . - -, Xn—1 — Va—1(Xn), r(xa)}

Polynomial r has degree d, polynomials v; have degrees less than d
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On the Assumptions

x2 —x3 =0, x—4 =0 has solutions (2,4), (—2,4)

No polynomial x; — vi(x2) can yield 2 and -2 for x, = 4
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On the Assumptions

x2 —x3 =0, x—4 =0 has solutions (2,4), (—2,4)
No polynomial x; — vi(x2) can yield 2 and -2 for x, = 4

After reordering of variables the shape lemma holds
x2—4=0,x2—4=0
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On the Assumptions

x2 —x3 =0, x—4 =0 has solutions (2,4), (—2,4)
No polynomial x; — vi(x2) can yield 2 and -2 for x, = 4

After reordering of variables the shape lemma holds
x2—4=0,x2—4=0

x2+x3—1=0, x3—1=0,sol's (v2,-1), (—v2,-1), (0,1)

Solution (0,1) has multiplicity 2
No linear term in x; of form x; — v1(x2) can yield multiplicity
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Buchberger's Algorithm

Example of Grobner basis
G = {Xl - Vl(Xn)7X2 - V2(Xn)7 ceey Xp—1 — Vn—l(Xn)a r(Xn)}

Buchberger's algorithm allows calculation of Grobner bases

If all coefficients of f1,...,f, are rational then the polynomials
r, vi,Va,...,Vvp_1 have rational coefficients and can be computed
exactly!

Software SINGULAR: implementation of Buchberger's algorithm
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Parameterized Shape Lemma

Let = C R™ be an open set of parameters and let

fly s €K[EL, ... Emixt, ..., xn) with K € {Q,R} and
(x1,...,xn) € C". Suppose that for each £ = (£1,...,&,) € = the
Jacobian matrix Dy f(&; x) has full rank n whenever f(&;x) =0
and all d solutions have a distinct last coordinate x,.

Then there exist r, vi, ..., vp_1 € K[¢; xa] and
Wi, ..., Wh—1 € K[{] such that for generic ¢,
{xeC:A(Ex)=...=Ff(&x) =0} =
{x eCn: Wl(f_’)xl = vl(g; Xn)y ooy W,,_l(g)xn_l = v,,_l(g; Xn);
r(€; x,) = 0} .
The degree of r in x, is d, the degrees of v1,...,v,_1 in X, are at
most d — 1.
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Equilibria

For generic endowments, e’ € R_’L’ﬁ_ every competitive equilibrium
x* of the economy along with a positive number y* is among the
finitely many common zeros of the polynomials in a set G of the
shape

g = {Xl - Vl(eH;y)7 cee oy XM T VM(eH;y)7 r(eH;y)} :

The non-zero polynomial r € R[e; y] is not constant in y. Each
vi, i=1,..., M, is a polynomial in y of degree less than the
degree of r. The coefficients of this polynomial are rational
functions of e’
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Equilibria

Our polynomial system  F(e; 71, M1 p) =0

Zero-dimensional, d complex roots, no multiple roots?
perhaps not; add a variable t and a new equation

1—t det[oF] =0
No Walrasian equilibria lost (for generic endowments)

All roots have distinct value for last variable?
perhaps not; add a variable y and a new equation

y= Y mixi=0 with Y pi=1,0>0 (x=(c" " p))
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Proof: Applying the Shape Lemma

For generic weights i and endowments the system

F(e™; x) =0
1 —t det[oF(e™;x)] =
y = Z,'Mixi =

satisfies the assumptions of the Parameterized Shape Lemma

Grobner basis

G ={x1—vi(e™;y),x2 — wa(e™;y),...,xn — va(e
t—vor1(e’y), r(e’ y)}

All Walrasian equilibria among the solutions
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Theorem for General Parameter Sets

Suppose that for generic parameters £ € =, every Walrasian
equilibrium satisfies

det [DCH,AH’pF(é; oM, p)| # 0.

Then for generic £ € =, every Walrasian equilibrium x* of the
economy along with an accompanying positive number y* is
among the finitely many common zeros of the polynomials in a set
G of the shape

G={x1—wvi(&y), ..., xm—wvm(&y), r(&y). (1)

The non-zero polynomial r € R[&; y] is not constant in y.
Moreover, each v;, i = 1,..., M, is a polynomial in y of degree
less than the degree of r. The coefficients of this polynomial are
rational terms in &.
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Real Solutions

Univariate polynomial r(x,) = Z,d:o a; x| of degree d

Fundamental Theorem of Algebra
Polynomial r(x,) has d complex roots.

Bounds on the number of (positive) real roots exist

Descartes's Rule of Signs
The number of positive reals roots of a polynomial is at most
the number of sign changes in its coefficient sequence

Sturm’s Theorem gives exact number of real zeros
in a given interval
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Summary: Solving Polynomial Systems

Objective: find all solutions to f(x) = 0 with x, f(x) € R"
View the system in complex space, f(x) = 0 with x, f(x) € C"
V(fi,fa,....,f) ={x € C": fi(x) = fh(x)=...=f(x) =0}
Apply Buchberger's algorithm to find Grobner basis G
If Shape Lemma holds, then V(f) = V/(G) for a G of the shape
G ={x1 —vi(xn),x2 — va(Xn) -, Xn—1 — Va—1(Xn), r(xn)}
Apply Sturm’s Theorem to r to find number of real solutions

Find approximation of all (complex) solutions by solving r(x,) =0

Kubler, Schmedders Competitive Equilibria in Semi-Algebraic Economies



Equilibrium Manifold
Multiplicity

Equilibria Applications

CES Utility

Marginal utility of good / for agent h with o, € N

up(c) = (af) =7 (c) ™
In polynomial form

mp(c,y) = (o) (c))"y —1 =0

First-order condition
h
a;/o‘ (Ch)*o'h . )\hPI -0
Rewritten

gl (e A" —1=0

Economy is parameterized by endowments e,h and weights oy
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Identical CES Utility

H = 2 agents and L = 2 goods
Univariate polynomial r has the shape
re ) =Gy -Gy '+Gy-G
with constants (4, C3, (5, G; > 0
Number of sign changes is 3: + — 4+ —

At most three equilibria, bound is tight
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Incomplete Markets

Two time periods, t = 0,1, one state in second period
s=0,1, one good in s =0, two goods in s =1
Heterogenous quadratic utility functions

Five endowments are fixed, e}; = e is parameter
Single real asset paying A(p11, p12) = P12 — P11

Drop in rank at p1o = p11

Computing equilibria notoriously difficult
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Grobner Basis

r(y,e) = 3058149y + (46572e — 6197797)y>
+(335e? — 100175e + 3233873)y
+(e® — 359¢? + 18625¢ — 24176)

G, G G
DR )
with
D = 9¢°— 7175e* + 16233873 — 77212929¢°
14243727714e — 191476296

Basis is not well-defined for D = 0 at e € {1.332,2,59.6}

For these parameter values p1» = p11 (= 1)
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Bad Prices

Grobner Basis is only generically correct

For e = 2 (no-trade) equilibrium does exist, but
Grobner Basis does not properly specialize

For e € {1.332,59.6} there is no equilibrium
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Bad Prices

Grobner Basis is only generically correct

For e = 2 (no-trade) equilibrium does exist, but
Grobner Basis does not properly specialize

For e € {1.332,59.6} there is no equilibrium
Non-existence is no obstacle to Buchberger's algorithm

Grobner Basis exists, just has no solutions that are equilibria
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Summary

Develop theoretical foundation for the analysis of multiplicity
in GE models

Describe the equilibrium correspondence in simple terms
to facilitate fast computation of all equilibria

Identify assumption on preferences to obtain polynomial
equilibrium conditions:
Marginal utilities are continuous semi-algebraic functions

Apply methods from computational algebraic geometry,
Grobner bases and Buchberger's algorithm
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Summary cont’d

Show that all equilibria are solutions to a simple system
of polynomial equations

Mention how this univariate polynomial is derived exactly,
without making approximations, numerical errors

Outline how the methods apply to more complex GE models
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Outlook

Systems of polynomial equations are ubiquitous in economics
Methods from algebraic geometry are widely applicable

We have already computed multiple
@ equilibria in infinite-horizon models with complete markets
@ stationary equilibria (steady states) in OLG model
@ Nash equilibria in strategic market games

@ perfect Bayesian equilibria in a game with cheap talk
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