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Nonlinear Conic Optimization Problem

Primal-Dual Problem:
min{(c,x) : Ax=b, x € K} L max{(b,y) : s+A"y =c, s € K*},
X Sy
where K is a normal cone (convex, pointed, solid), and
K*={s:(s,x) >0,x € K}.

Main Assumptions:

1. dxg€intK, sp €int K*, yp € H: Ax=>b, s+ A*yy = c.
2. Fp(x) is a vr,-normal barrier for K (self-concordant,
log-homogenerous: Fp(7x) = F(x) —vF, InT, x € int K)
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Nonlinear Conic Optimization Problem

Primal-Dual Problem:
min{(c,x) : Ax=b, x € K} L max{(b,y) : s+A"y =c, s € K*},
X S,y

where K is a normal cone (convex, pointed, solid), and
K*={s:(s,x) >0,x € K}.

Main Assumptions:

1. dxg€intK, sp €int K*, yp € H: Ax=>b, s+ A*yy = c.
2. Fp(x) is a vr,-normal barrier for K (self-concordant,
log-homogenerous: Fp(7x) = F(x) —vF, InT, x € int K)

3. Important: we can compute the dual barrier
def
Fp(s) = Fp(s) = max[—(s,x) — Fp(x)]
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Examples

Positive orthant
K = {xeR": x>0} (=K%,
n .
Fp(x) = —> Inx(), vp=n.
i=1
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Examples

Positive orthant
K = {xeR": x>0} (=K%,
n .
Fp(x) = —> Inx(), vp=n.
i=1

Lorentz cone

K = {(rx) e R 7> lx|l2} (= K¥),
Fp(r,x) = —In(r2 = |x|3), vp=2.
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Examples

Positive orthant
K = {xeR": x>0} (=K%,
n .
Fp(x) = —> Inx(), vp=n.
i=1

Lorentz cone

K = {(rx) e R 7> lx|l2} (= K¥),
Fp(r,x) = —In(r2 = |x|3), vp=2.

Cone of positive-semidefinite matrices

K = {Xe8&,: X=0} (=K"),
Fp(X) = —IndetX, wvp=n.
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Symmetric primal-dual IPM  (Fp = F})

Primal-dual central path: (x(t),s(t),y(t)) € K x K* x H:
X(t) = arg min[tle.x) + Fp(x)]. £ 0.
y(t) = arg m}gx[t(b, y) — Fp(c — ATy)].

Yu. Nesterov Primal-dual IPM with Asymmetric Barrier



Symmetric primal-dual IPM  (Fp = F})

Primal-dual central path: (x(t),s(t),y(t)) € K x K* x H:
x(t) = arg Am)(ﬂ)[t(c,x) + Fp(x)], t=>0,
y(t) = arg m}gx[t(b, y) — Fp(c — ATy)].

Many important identities:  Ax(t) = b, s(t) + A*y(t) =,
s(t) = —¢VFp(x(t)), x(t) = —§VFp(s(t)),

unbounded

(c,x(t)) = (b,y(t)) = %vr,, Fp(x(t))+ Fp(s(t)) = v—vint.
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Symmetric primal-dual IPM  (Fp =

Primal-dual central path: (x(t),s(t),y(t)) € K x K* x H:
X() = arg min[tle.) + Fp(x)]. £>0.
y(t) = argmax[t(b,y) — Fp(c — ATy)]

Many important identities:  Ax(t) = b, s(t) + A*y(t) =,

s(t) = —¢VFp(x(t)), x(t) = —§VFp(s(t)),

unbounded

(c,x(t)) = (b,y(t)) = %vr,, Fp(x(t))+ Fp(s(t)) = v—vint.

Consequences:

m Good search directions (primal-dual affine-scaling, centering)
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Primal-dual central path: (x(t),s(t),y(t)) € K x K* x H:
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s(t) = —¢VFp(x(t)), x(t) = —§VFp(s(t)),

unbounded

(c,x(t)) = (b,y(t)) = %vr,, Fp(x(t))+ Fp(s(t)) = v—vint.

Consequences:

m Good search directions (primal-dual affine-scaling, centering)
m Long-step IPM, infeasible-start IPM.
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Symmetric primal-dual IPM  (Fp =

Primal-dual central path: (x(t),s(t),y(t)) € K x K* x H:
X() = arg min[tle.) + Fp(x)]. £>0.
y(t) = argmax[t(b,y) — Fp(c — ATy)]

Many important identities:  Ax(t) = b, s(t) + A*y(t) =,

s(t) = —¢VFp(x(t)), x(t) = —§VFp(s(t)),

unbounded

(c,x(t)) = (b,y(t)) = %vr,, Fp(x(t))+ Fp(s(t)) = v—vint.

Consequences:

m Good search directions (primal-dual affine-scaling, centering)
m Long-step IPM, infeasible-start IPM.
m Powerful software (SeDuMi, T3, Mosek, etc.)
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Another applications

1. Flows in fluid networks

min > ca|fa]” (= Energy)
f acA
st. E-f=4d, (node balance)

>0, iel.

Yu. Nesterov Primal-dual IPM with Asymmetric Barrier



Another applications
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Electricity: v = 2.
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Another applications

1. Flows in fluid networks

min > ca|fa]” (= Energy)
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st. E-f=4d, (node balance)

>0, iel.

Electricity: v = 2. Gas networks: v = 3.
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Another applications

1. Flows in fluid networks

min > ca|fa]” (= Energy)
f acA
st. E-f=4d, (node balance)

>0, iel.

Electricity: v = 2. Gas networks: v = 3. Water: v = 2.75.
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Another applications

1. Flows in fluid networks

min > ca|fa]” (= Energy)
f acA
st. E-f=4d, (node balance)

>0, iel.

Electricity: v = 2. Gas networks: v = 3. Water: v = 2.75.
Usually, the dimension is not too big!
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Another applications

1. Flows in fluid networks

min > ca|fa]” (= Energy)
f acA
st. E-f=4d, (node balance)

>0, iel.

Electricity: v = 2. Gas networks: v = 3. Water: v = 2.75.
Usually, the dimension is not too big!

2. Random scheduling: minimize in x the objective

(T,x) + Z Z ddW) In (ex(’)/d(“ "+ eXU)/d(j)> — D(&, x).

i=1 j=i+1
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Asymmetric barriers:

1. Power cone

Ko = {xeR2xR: (x)" (x@)7" > [xO]}, ae(01),

Fpa(x) = —In [ (x®)* (x2)*17 — (x))%] —1nx®) —1n x2,
Ki = {s eRI xR: ()" (ff;)l_a > |5(3)’},
Foa(s) = —In [(”)2 (2)" - (5<3>)2] ~Ins® — ins®,
[ 0 0
Wlth I/FP,a:l/FD,a:4' K;:< 8 1700‘ ?)Kar bUt FD,O&#F;’&.
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Asymmetric barriers:

2. Conic hull of the epigraph of exponent

Kpe = {xeRfor: x(l)ZX(2)|n%},

x(3)

Fpe(x) = —In (x(l) — x@1n %) —Inx® —Inx®),

Kpe = {56R+><R><R+: 5(1)+5(2)25(1)'”%}’

Fpe(x) = —In <s(1) 15 s %) “ins®M —ins®),

. 0 10
with VFp. = VFp. = 3. KD,e = ( é —(1) [1) )Kp,e, and
FDve # F;,e'
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Asymmetric barrier for primal-dual cone

Denote

V(z) = V(x,s) = Fp(x)+ Fp(s), wvw = vr, +VFy,
z = (x,s)€intK x intK* et K.

Define

k(z0) = V(z) — r)rlisn {V(z): (so,x)+ (s,x0) = 2(s0,%0)},

where zy = (xo, sp) is the point from Al. Note that x(z) > 0.

Lemma: For any z € K we have

W(z) > W(z0) — (z0) — vy In 1250,
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Feasible-start potential reduction IPM

Primal-dual problem:

w = (x,s,y,7T) € Kx K*x Hx Ry :
Ax =T1b, s+ A'y = 7c,
Normalization constraint: 7 = 1.
Optimal value of the objective: (c,x) — (b,y) = 0.

Karmarkar setting: For cone C with v-normal barrier F(x),
consider
mir&{(d7 w): Bw =0, (e,w) =1} = 0.
we
Can be solved by minimizing homogeneous potential
vin(d,w) + F(w).
Condition: the set {w € C: Bw =0, (e,w) = 1} is bounded.
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Feasible-start potential reduction IPM

Primal-dual problem:

w = (x,s,y,7T) € Kx K*x Hx Ry :
Ax =T1b, s+ A'y = 7c,
Normalization constraint: 7 = 1.
Optimal value of the objective: (c,x) — (b,y) = 0.

Karmarkar setting: For cone C with v-normal barrier F(x),
consider

mir&{(d7 w): Bw =0, (e,w) =1} = 0.

we
Can be solved by minimizing homogeneous potential

vin(d,w) + F(w).

Condition: the set {w € C: Bw =0, (e,w) = 1} is bounded.
NOTE: the set {(x,s,y) € K x K* x H: Ax = b,s + A*y = ¢}
is never bounded
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Feasible-start potential reduction IPM

Denote F = {w=(x,s,y,7) € Kx K*x HXx Ry :
Ax =71b, s+ A*y = 7c},
F(w) = Fp(x)+ Fp(s)—InT, vF=vp+uvp+1,
o(w) = veln[{c,x) —(b,y)] + F(w), w € intF.

Main identity: for w € F we have
<SOaX> + <5aX0> = <C7X> - <b7 y> + 7—<507X0>'

Theorem: Let wy = (xo, S0, Yo, 1). If we form wy = (X, Sk, Yk, Tk)
by minimizing ¢(w) by the Newton method, then for the point

S Xk oz Sk S Yk
Xk = 70 Sk = 7 Yk = 7,
we have
_(sox0) w-k=K(z)=In2| _
(c,%k)—(b,yk) — 2exp VF 1.

Yu. Nesterov Primal-dual IPM with Asymmetric Barrier 11/28



Feasible-start potential reduction IPM

= Polynomial-time O(vg In 1) complexity bound.

m Asymmetric barrier F(w).
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Feasible-start potential reduction IPM

= Polynomial-time O(vg In 1) complexity bound.

m Asymmetric barrier F(w).

Disadvantages:

m The worst-case complexity bound is not the best one.
m Feasible point is needed.

m Unavoidable expensive exact matrix operations.
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Full-dimensional potential reduction IPM

Denote C = {w = (x,s,y,7) € K x K* x Hx Ry}.
By two positive-definite operators By : H — H*, Be : E — E*,
define the convex quadratic function

(Qu,w) = [|Ax— bl +ls + A%y — |2,
H E

def
H{e.x) = (by)? = wl,
Optimal set: W* ={w e (C: Qw = 0}.

Main inequality:

For any w € C we have

def
=Q
N

(50,X) + (5,%0) < [1+ (Buyo, o) + (Bexo, xo)]/* -||wllq

+7 - (S0, X0),
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Quadratic potential function

Denote F(w) = W(z)—InT = Fp(x)+ Fp(s) —InT,

d(w) = %||W||2Q+F(W), w € intC.

Main properties

m ®(w) is a s.-c. function with positive definite Hessians.

m It is unbounded from below. Hence, the local norms of the
gradients are all > 1.

m For w € int C, define homogeneous quadratic potential:
O(w) = min d(Aw) < d(w).
A>0

o . . def V1/2
The minimum is attained at A = A\(w) = ||.,C||Q-
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Properties of homogeneous potential

m It admits a closed-form representation:
o(w) = vrln|wlg+ F(w)+ %[l - Invg.

m This is a quasi-convex function with zero degree of
homogeneity.

m For any point w € int C, we have

d(w) > V(z0) — k(z0) + vy In2+ ZF[1 — InvF]

Q T
—vrin <<so,xo> + kuo) :

Yu. Nesterov Primal-dual IPM with Asymmetric Barrier



Possible strategies

A. Minimization of quadratic potential

Compute point wy by a Newton step from wy.

A Define Wigi1 = )\(Wk) c Wk

B. Minimization of homogeneous potential

At each iteration, apply Newton step to an upper convex
approximation of .

In both cases, ® is decreased by an absolute constant (at least).
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Possible strategies

A. Minimization of quadratic potential

Compute point wy by a Newton step from wy.

A Define Wigi1 = )\(Wk) c Wk

B. Minimization of homogeneous potential

At each iteration, apply Newton step to an upper convex
approximation of .

In both cases, ® is decreased by an absolute constant (at least).
New even for LP!
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Full-dimensional potential reduction IPM

m Polynomial-time O(vr In 1) complexity bound.

m Asymmetric barrier F(w).
m Can start from infeasible points™.

m Search directions may be computed by gradient schemes with
reasonable accuracy™.
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Full-dimensional potential reduction IPM

m Polynomial-time O(vr In 1) complexity bound.
m Asymmetric barrier F(w).
m Can start from infeasible points™.

m Search directions may be computed by gradient schemes with
reasonable accuracy™.

Disadvantages:

m The worst-case complexity bound is not the best one.
However, the long steps can accelerate the convergence.
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Central path for infeasible-start IPM

Denote v = (x,s,7) € CY K x Kk* x Ry, and

(Quv) = min{{Qu.w): w=(x.5.y.7)},
y(v) def argmyin{(QW, w): w=(x,s,y,7)},

ﬁ(v) = FP(X)+FD(S)_In7—, Veé\7 Vi:_ :VF7
o(v) = 3llvI3+F(v), veintC.

Cisnormal = V2F(:) = 0.

Central path: fix vi € int C with A(v1) = 1.

Define the central path v(u) as p — 0:

VO(v(w) = Qup) + VE(W(p) = wlQui+VF()] € ug.
Clearly, v(1) = v;.
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Properties of the central path

m v(p)lly <vy? ne (o1l

m Denote V* ={v € C: Quv= 0}. For any v* € V* we have
pe(=VE(w),v) = (=VF(v(u),v")
> (VER(v(p)ve, ve)lr2.
m If v = (x*,s%,1) € V*, then
(507X0>

v = (sox(u)) + (s(p), xo0)-

Since (so, x) + (s,%0) < Q- |lvllg + 7 - (50, %), we get

Lemma: For any u € (0,1]
(DS 1 __Q
V(e = ,,;/2<_vi:(vl),v*) u (sox0)”

Yu. Nesterov Primal-dual IPM with Asymmetric Barrier 19/28



Augmented self-concordant barriers (N. & Vial 2004)

Denote 1,(v) = ®(v) — (g1, w). For v € int C, consider two
local metrics:

Hg) = (VZEW)[V20(v)]1g, [V20(v)]Lg),

0:(g) = (g, [V2F(v)] g)/2. (Simple to computel)

m 0y(g) < 605(8)-
m Forall v eintC, of(VO(v)) < v

m For the Newton iterate v = v — [V2¢),,(v)] 71V, (v), we
have

1/2
-

* v 2
0, (Vo)) < (sZSbls ).
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Predictor-corrector technique

Neighborhood of the Central Path:

Na(n) = {v: 65(Vu(v)) < B}, ne(0.1], fe|0,255).

Predictor step

T (@) = v—[V2o(v)] 'Vu(v) — a[V2O(v)] e, a>0.

-~

~ v(p) ~ v/ (p)

Goal: for v € N, (1) with By < 31, choose the maximal a
Tu(o) € N3, (1 — ).
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Predictor-corrector technique

Neighborhood of the Central Path:

Ni() = {v: 6V < B}, e (01, Be[0,355).

%

Predictor step
T (@) = v—[V2O(v)] 'Viu(v) — a[V2O(v)] lg, a>0.
—_——

-~

~ v(p) ~ v/ (p)

Goal: for v € N, (1) with By < 31, choose the maximal a
Tu(o) € N3, (1 — ).

Theorem: for v.e Ng, (1), and a > 0 satisfying

Bo+2(Bo + oy (VO(vV)) < L,
we have T,(a) € Ng (p — ).
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Possible path-following strategies

Lazy scheme. (1 = [y. Efficiency estimate :

5 1
> Kk = 1)
Qg = 4+36u,1_./2 (50 9)
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Possible path-following strategies

Lazy scheme. (1 = [y. Efficiency estimate :

5 1
o = M% (Bo = 3)-

H Real predictor-corrector.
Note that

Q?Vk(ak)(v'@buk—ak( Tvk(ak)))

2 ~
< e iy o+ ol (V)] 2+ 0 (2

)

»w‘»m

Thus, it is better to keep By small with respect to ;.
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Computational aspects

1. Path-following scheme.
The measure

05 (Viu(v)) = (Veu(v), [V2F)] I Ve,(v))?

is easy to compute.
Examples. a) LP. For positive orthant
n a2
o) = [ @]

i=1

b) Separable cones. Direct product of many cones of small
dimension.
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Computational aspects

2. Potential-reduction scheme. For homogeneous quadratic
potential

®(w) = veln|lwllg+ F(w)+ 21 —Invg],
we have an upper bound

B(w -+ h) = b(w) < vpAAEO 4 F(w 4 h) — F(w).

Hence, for the Newton step we need to minimize
vp 2O, | (G (w), h) + (V2F(w)h, h).

Note: We need to achieve a constant drop (by CG?).
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Computational aspects

Main competitors: Fast gradient schemes for solving the problem
min{(Qw,w) : 7=1, we F}.
w

Note:
m The memory requirements are the same.

m One iteration of CG for potential-reduction methods has the
same complexity as one iteration of GM.
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n m LP | Lorentz K% K% Kexp
60 20 62 55 74 76 71
120 40 70 62 79 79 63
180 60 76 65 73 73 66
240 80 85 73 84 83 73
300 100 86 78 93 92 76
360 120 86 74 98 98 80
480 160 84 80 95 96 95
600 200 98 84 101 100 85
720 240 102 89 109 110 93
840 280 99 96 111 109 95
960 320 98 90 107 107 102

Table: Performance of long-step PF-method

Yu. Nesterov
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Average decrease

250

Log-exp cone
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o
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y=0.0821x + 17.169
R? = 0.9883

—e—Delta
—=—SQRT
—Linear (Delta)

1000

T T
1500 2000 2500
Parameter

Nesterov Primal-dual IPM with Asymmet



Potential-reduction scheme for LP

n m H Iterations Average Ag

60 20 12 7.2-10!
120 40 13 1.4-10°
180 60 14 2.1-107?
240 80 15 2.7-102
300 100 16 3.1-107?
360 120 16 3.8-10
480 160 16 5.0 - 102
600 200 17 6.2 - 102
720 240 17 7.6 - 102
840 280 17 8.8-10°
960 320 18 9.6 - 10°
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