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Interior Point Methods for Linear

Programming



Interior-point methods for linear programming are based on re-
placing the constrained optimisation problem

(P) min ¢l

s.t. Ax =0
x>0

with strictly feasible domain #° = {x : Az = b,z > 0} by a
sequence of equality constrained optimisation problems

(Pw)  mincTa + uf(e)
s.t. Ax = b,

where f(x) is strictly convex on R .. The idea is to gradually
decrease p to zero from a positive value.



— drawing on black board!



Let z(pu) be the argmin of problem (Py,). Then p +— x(u) is
called the primal central path.

Let F(z) =c'x — pf(x), and let
np,(z) = —(D? Fu(z)) "' VFu(x)

be the corresponding Newton step.

A generic idea for short-step path-following method is as follows:



e Choose radii 0 < r(p) < R(p) such that B y(z(p)) CRY 4,
and such that applying a fixed number 7 iterative updates

Ty =+ npu(ac)

to a starting point x € BR(M)(f’?(M)) leads to a pointin Br(u)(fﬁ(m)

B is contracted to B in a fixed number of steps).
R(p) r(p)

e Choose 0 € (0,1) such that for uy = 6u we have,

z € B,y (z(p)) =z € BR(“+)(:E(,LL+)).

e Self-similarity occurs when R(u) = pu, r(u) = Epu for fixed
p>0and £ € (0,1).



— drawing on black board!



Which types of barrier terms can be used in this construction?
e Thelog-barrier f(x) = —>_; Inx; leads to such a construction.
e The barrier f(x) =3, :cz-_l is not a good choice. Why?

e The most general f(x) known to work are self-concordant
barriers (Nesterov & Nemirovskii)

(i) feC3(F°),

(i) D?f(z) =0, (xeF°),
Gii) |D3 f(2)[h, h, k]| <2D2 f(z)[h, k)32, (z € .F° heRM),
(iv) D?2f(@)[Vf(2),Vf(@)]<n (z€F°).



Theorem 1 (Nesterov-Nemirovskii). Every convex domain € C
R"™ admits a self-concordant barrier f(x) (universal barrier).

Thus, in principle all convex programming problems

min cT:c
T

st. x €%

can be solved via interior-point methods.



Unfortunately, there are obstacles:

e f(x) can only be efficiently evaluated for a restricted class of
domains ¢.

e If a primal-dual algorithm is desired, the domain needs to be
of the form

¢ = {Az = b} NK,

where K is a symmetric cone, and f(x) needs to inherit the
symmetry properties of K (Nesterov & Todd).

In the latter case, one can show that only the log-barrier satisfies
all the required properties (H., H.-Lim, H.-Giiler, Schmieta),

f(z) =co+ &itqciIn dlgt(ﬂfi)-



Stiff Vector Fields and Optimisation



Consider an unconstrained minimisation problem

x* = arg min f(z),

T ERM
or, more specifically, the toy model
1
+* = arg min —z | Bz,
xER™ 2

where B = Diag(A1,A2) and A1 > A> > 0. The steepest descent
method for this problem proceeds as follows,

1. v(z) = -V f(x),
2. h(x) = argming>o f(z + tv(z)) = ﬁ(Afl),

3. x4 =z + h(x)v(x), goto 1.



We wish to iterate this method until f(z) < f(z*) +e. The
complexity of this method is then

o (-%) — 0 (k(B)|log ])
2

iterations.

Interpreting the updating formula x4 = x + h(x)v(x) as discrete
time-stepping for the dynamical system

z = —v(x)

with time step At = h(x), we are applying the forward Euler
method.



Steepest descent behaves poorly because

e the ‘“fast” eigenvalue \q restricts the stepsize h(x),

e the “slow” eigenvalue \> imposes a long integration time.

Numerical analyst call this phenomenon stiffness of the vector
field v(x).

— drawing on black board!



Numerical analysts know that backward Euler steps
Xr = CB_I_ — At:b_|_

largely overcome this problem. In our optimisation context, the
linearised backward Euler method

r=gx4 — At (=Vf(@) + (D? f(2))(z — 24))
IS a tractable alternative with similar stability properties,
Ty =x — (At_ll—l— sz(x)) Vf(x).

(— Levenberg-Marquart method, Newton’'s method.)



If v(x) is however nonstiff, it is fine to use the forward Euler
method in an optimisation context:

Theorem 2 (Cartis-H.). Let 3 € (0,1) and

N :={zeR": |z -l <R},
for some R > 0 and =1 € R". L etting N denote the closure of N,
we assume v : N — R", z — v(x) is a C1 vector field such that

) v(z) =0 x =z,

i) |[I + Dv(x)|| < B, for all x € N.



We consider the iterative process
T =2 o)), 1>0,
where 2O is an arbitrary starting point in N'. Then
|2t — 2T < glla’ — 2|, >0,
which implies
PeN = enN, 1>0,

and

- a:T, asl — oo, Q-linearly with convergence factor 3.
Furthermore, we have

o) < (1 + B)|jal — T, 1>0.

Thus

v(z!) — 0, as | — oo, R-linearly with convergence factor 3.



Back to Short-Step IPMs for Linear

Programming



Theorem 2 can explain the convergence of short-step IPMs:

min cT:B
T

s.t. Az =b
x > 0.

e The central path z(u), defined by

z(p) = argmin Fy(z) = clx— MZ Inz;
1

s.t. Ax =0,
satisfies

= O(u)

A (), 07°) {< ch



where

d
C'= sup IId—w(u)ll
pe(O,ug] A

plays the role of a condition number.

e The directed family of vector fields ("Fu($)>(0,uo] satisfies

() np@@) =0 =a(,

(i) |14+ Dng, @) < 2vn(1 + >2<A>>£ =: 6,

where
x(A) = sup{||AT(ADA")"tAD|| : D > 0 diagonal}

iIs the VVavasis-Ye condition number,

po = (Cuo + (1 + AL,



and p € (0, pg) is chosen so that g < 1.

Hence, Theorem 2 is applicable and shows that the follow-

ing generic short-step ipm has inner complexity (number of
Newton steps per outer iteration)

{ log ¢ W
log ((2v/n(1 4+ X)) (Cro+ (L 4+ X)lclDp) |

and outer complexity (number of outer iterations until u < ¢)

- 1+Cp\7h g
— log —
k {(logg—l—Cpl) og .

—~




Step 1 If up < e, stop.

k,0

Step 2 HEg+1 = G,uk, x = L.

for £=0,...,—1=|logé&/log 8]

xk,€—|—1 — xk,ﬁ 4 nFM(Ik,E)

okl — kL

Step 3 k— k-+ 1, goto Step 1.



Theorem 3 (Cartis-H.). Choosing 6 € (6g,1), where

_¢ép+C

0 ,
°T p4cC

the above ipm takes at most

1\ —1
k= {(Iogl_l_c'o ) Iog“ﬂ

outer iterations.



More generally, the same algorithm and theorem apply for any
pair (z(u), (vﬂ(m))(o#o]) that satisfies the LSDA properties

e %/ C R™ an open convex domain,

o x:u— x(u) €% a differentiable path such that

sup [lz(u)|| = C < oo,
pe(0,uo]

e p > 0 a constant such that By, (ax(n)) C Z for all p,

o (”M(CED(O,uo] a directed set of vector fields such that

() vu(z) =0 o= a(u),
(i) [z 4 va(@) — ()| < Blz — (W], (@ € Bpula(n))



for some fixed 8 € (0,1).

Practical implication: If (x(u), (”M(@)(O,uo]) has the LSDA prop-
erty, then so does

(2(1), (Wu(@) + (@) (0 )

where wy(x) is any vector field that satisfies

lwp(@)]| < (1 = B)llz —z(wl.

Thus, if the linear system in each inner iteration of a short-step
ipm is solved only to constant relative accuracy, the algorithm
stays on track!



Thanks for listening!



