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Abstract

Keywords:

The value function of an American put option defined in a discrete domain may
be given as a solution of a Linear Complementarity Problem (LCP). However,
the state of the art methods that solve L CP converge slowly. Recently, Dempster,
Hutton & Richards have proposed a Linear Program (LP) formulation of the
American put and a special simplex algorithm that exploits the option structure.
They give numerical examples with run times which grow almost linearly with
the number of spatial grid points. Based on these ideas we show in aconstructive
fashion that a new algorithm may be devised which processes the original LCP
in linear number of spatial grid points.

American option pricing, Linear Complementarity, Early exercise, PDE dis-
cretization

1. Introduction

The fast valuation of American options has been a long standing problem

[Rogers and

Talay, 1997]. Computing tools of practitioners must be able to

13



14 COMPUTATIONAL METHODS IN ECONOMICS AND FINANCE

give an answer within seconds or minutes. Popular methods like dynamic
programming, Monte Carlo and projected successive over-relaxation (PSOR)
technigues are rather slow. For more than one underlying security the only
method is Monte Carlo and the problem becomes itself achallenge in scientific
computing [Avramidis et al, 2000].

For European options linear algorithms exist. But for the American exercise
stylean optimization problem must be solved ontop of the Black-Scholespartial
differential equation (PDE) cast in the form of alinear complementary problem
(LCP). Compared to European options this is a complication of algorithmic
nature. A fast solution of LCP is therefore critical for the whole PDE solver
and the complexity of the overal pricing. The general pivoting algorithms are
too dow. Fortunately the discretization leads to specia class of Z-matrices for
which the algorithm of Chandrasekaran converges in polynomia time [Cottle
and Pang and Stone, 1992]. Other discretization schemes|ead to different types
of matrices for which there exist often a corresponding algorithm [Huang and
Pang, 1998].

In fact the most popular algorithm so far has been the PSOR iterative method
of Cryer [Cryer, 1971]. The method isthe usual SOR method for solving linear
systems which is modified to update only non-negative SOR solutions. But the
number of iterations required to converge is usually large.

Only recently, anew algorithmwasproposed by Dempster, Hutton & Richards
[Dempster, Hutton and Richards, 1998] which evaluates the American option
in an apparent linear time. The authors show the equivalence of the LCP to
the corresponding LP. To solve the latter problem they make two plausible
assumptions on the form of the complementary basis.

The LCPis solved by formally proving that a complementary feasible basis
aluded above exists. The corresponding algorithm that finds it is provided.
In the next section the notation used is described and define the problem of
evaluation of the American option as a sequence of LCPs. In section 3 the
proof and the algorithm that solves the LCPs in linear time are shown. The
conclusions follow in section 4.

2. Definition of the pricing problem

The notation used in [Dempster, Hutton and Richards, 1998] is adopted. Let
us assume a Black-Scholes economy with one risky asset price S modeled by
ageometric Brownian motion with constant volatility o and a savings account
with constant risk-free rater > 0.

An European option gives the holder the right to buy or sell one unit of the
asset for a price K, the strike price at the maturity date T. In contrast, an
American option can be exercised at any time T to maturity, i.e. T€ [0,T]. The
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payoff of an American put option isafunction  : RF — R defined by:
Y(S) = (K-S)"

The value function v: Rt x [0, T] — R is the “fair” value v(x,t) at asset
pricex >0 and at timet € [0, T]. It can be formulated as the solution of an
optimal stopping problem, namely choose the stopping time which maximizes
the conditional expectation of the discounted payoff. The stopping time may
be shown to be the first time the value falls to the payoff at exercise [Myneni,
1992]. In particular, the (x,t) domain may be partitioned as follows:

C={(xt) eR" x[0,T):v(x,t) >p(x)} and
S={(xt) e Rt x[0,T):v(x,t) =W(x)}.

On the continuation regiorCC, v has to satisfy the Black-Scholes PDE:
(Lgs+0;)v=0 with v> u, (2.1)

whereas on the stopping regiorb one avoids arbitrage by requiring:
(Les+0t)v <0 with v=y,

with Lgs, the Black-Scholes operator defined by:

0.2
Lgs= - 202 4 rxdy —T. (2.2)

Conditions (2.1-2) lead to the following order complementarity problem
(OCP) for the fair value of the American put option [Borwein and Dempster,
1989]:

OoCP

Find ve F such that:

—(Lest0)vA (v—) =0, (23
with

F = {V: V- LlJ > 07_(LBS+at)VZ 0}7

where A denotes the point-wise minimum of two functions with respect to
a vector latticeHilbert space (see [Borwein and Dempster, 1989] for further
discussion).

Note that the Black-Scholes PDE is alinear elliptic PDE with non-constant
coefficients. In fact, alog-transformed stock price & = logx is useful to define
a path-independent Black-Scholes operator:

2

o, o
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with aterminal condition (corresponding to the payoff function) given by:
YET)=(K—€e)". (25)

Hereafter iswill be assumed that the above form of the Black-Scholes oper-
ator (2.4) and terminal condition (2.5).

Formulation on a discrete and finite domain

Sincethe analytical solution to the above OCP (2.3) is hot known one resorts
to numerical methods. For a numerical approximation the function space has
to be finite and the value function discrete.

Wedefinethe problemonarectangular domain[L,U] x [0, T | and assumethat
theinfinitedomain solutionisrecoveredinthelimitL — —oo,U — 40, Inorder
to maintain path-independence, the differential operators are approximated by
homogeneous finite differenceson a lattice with (I + 1) x (M + 1) number of
points. We label these points by indices as follows:

& =L+iAE, i=0,...1, Af=(U-L)/I and
tn=T—mAt, m=0,...,M, At=T/M.

The discrete value function on this domain is denoted by:
VM =v(&,ty), m=0,...,M, i=0,...,1,
with boundary values
Vo =u(L), v"=y(U), m=0,....M,
and terminal value

W=yE) =y, i=0,...,I.

The time derivative in the Black-Scholes equation (2.1) is approximated by

the finite difference:
OV ~ i
T A

Spatial derivatives in the Black-Scholes operator (2.4) are approximated by
finite difference derivatives:
ogv~ 01 1 (1 6) and

=2 v Vi =2
agvze + 3E L4 (1-0)+ 3 L,

Vi v
2/

whereas the value function near the constant term is split as follows:

v— v (1- vl
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Herei=1,..., —1land m=1,...,M and 6 is a parameter that controls the
stability of the proposed difference scheme. The scheme is shown to be uncon-
ditionaly stable for 0.5 < 6 < 1. For the financial oriented reader we refer to
[Tavellaand Randall, 2000].

Letn=1—1andv e R" bethe discrete value function in vector notations:
v
Vg
vii=|
v

Then terminal and boundary value vectors P, @ € R are given by:

Y1 Yo
o= || a0 e=pa-al |
o 0
where p is called the mesh ratiand given by:
_ o’
(a8
We define also the matrix © € RM™":
0 4
o=t
ST
1-§ 0

with the matrix element § is given by:
. 11 o’ A¥
=312 %)
Then using the Black-Scholes equation (2.1) and above definitions one gets
the Black-Scholes difference equationss the following sequence of matrix

equations:
BV 1AV —9=0, m=1,...,M, (2.6)

where .
A=1+0[rAt1+p(1-Q)] and

B=—1+(1—6) [rat 1+ p(1-Q)],
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with 1 € R™" denoting the identity matrix.
We note first that the matrix A is positive definite, since the symmetric part
of 1-Q:
1 -

1

NI

R
2
is symmetric positive definite. In the case 0 < § < 1 the matrix A has al its
off-diagonal elements non-positive and belongs to the class of the so called
Z-matrices, acrucial property that we shall use in the next section.
In terms of the problem parameters and the spatial |attice spacing the matrix

Awill be of Z-type if:

which we shall assume.

Note that in this case § may be interpreted as the “would be’ binomial
probability of asmall upwards change of the stock price.

With the discrete Black-Scholes equation (2.6) at hand one can formulate
the computation of the American option as the following sequence of (linear)
complementarity problems:

For m=1,...,M:

v > and
BV'1LAV'— >0 and
BV AV —@ A (V' —) =0.

where A denotes the componentwise minimum of two vectors € R'.

But the above complementarity problems can be written as a usual LCP
sequence. Let U"=v"— P, m=1,....M be the excess value vector and " =
B V™14 AV"— gthe slackvector. Thenfor m=1,...,M thetime slices of an
American option can be computed by solving the following sequence of LCPs:

LCP

For m=1,...,M:
AU"—s"=p" and

u">0, s">0, (sMTu"=0,

(2.7)

(2.8)

where
bm = (p_ B(um_l+ llJ) —AUJ, uO = Oa
or
b™=b° —Bu™1 with
b°=@p-BYy—-Ay and (2.9)
w=0.
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3. Solution of LCP

In the sequel wewill investigate the solution to the LCP (2.8). Herewe refer
to the huge literature on L CPwhich was summarized by Cottle, Pang and Stone
[Cottle and Pang and Stone, 1992].

Since A isapositive definite matrix, it is a so-called P-matrix (amatrix with
al its principa minors positive, see [Cottle and Pang and Stone, 1992]) and
therefore LCP has a uniquesolution for all right hand sides B" [Murty, 1972].
Given the existence of the solution to (2.8), we are left with the problem of
computing it efficiently.

In fact A is by construction a Z-matrix. In this case the LCP can be solved
by pivoting techniques in O(r’), i.e. polynomial by the method developed by
Chandrasekaran [Chandrasekaran, 1970]. In the following we make use of the
fact that if AisaZ-matrix the following statements are equivalent (see [Fiedler
and Ptak, 1962]):

(@ A isaP-matrix.
(b) A~1>0. (2.10)
(c) Thereis x>0 st. Ax> 0 hasasolution.

We will use these equivalent properties in the design of alinear algorithm to
solve the LCP as stated below.

Recently Dempster and Hutton used the fact that for Z-matrices a solution to
the L CP can be obtained using theleast element property asshownin[Dempster
and Hutton, 1999]. In particular they noticed that the following sequence of

L Ps can be solved:
LP

For m=1,...,M:

minc'u™ sit. (2.12)
AU"—s"=p" and

um™>0, "> 0,

wherec € R" isan arbitrary positive vector. Intheir algorithm a special form of
the optimal feasible basis to (2.11) is assumed without giving a formal proof.
It contains slack and real basic variables in the following order:

G;lr:):(%?"'a baunmb—i-la-'-aug‘)-r- (212)

Before stating the results presented here the above assumption (2.12) on
the complementary feasible basis deserves some comments. The partition of
the domain of the American option price in continuation and stopping regions
may not only serve to formulate the pricing problem by the OCP (2.3) but to
state also that the optimal feasible basis to (2.3) has a continuous analogy of
(2.12). Namely for any given time, there exists a point, say %, such that the
solution v(x,t) coincides with W(x,t) for x < x and is greater than Y(x,t) for
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X > % [Myneni, 1992]. Nevertheless a mathematical property that holds in
the continuous level does not aways carry over to a discrete level, unless the
discretization is sufficiently “good”.

This assumption is proved for the implicit discretization scheme.e. for
0 = 1. The main result of thiswork is the following:

Theorem. The solution to the LCPs (2.8) are unique and the complementary
feasible bases are of the structure of (2.12).

We give below a constructive proof which serves at the same time as an
algorithm that finds the solution to LCP.

According to (2.12) and for afixed time step mwe have the following com-
plementary partition of the LCP (2.8):

Air —Ben-1 0 St by
~vel1 o  —Pel|[O0)—[s]|=b], (2.13)
-Yer Agz Us 0 bs

where the time dlice index m has been omitted from the vectors to simplify
notations. Notealso that by definition of Awehavea = 1+ 6(rAt+p), B = 0p§
and y = 6p(1—4).

Then the following property (which is proved later) holds:

Lemma. For each time step there is a partition of the above form such that:

by, bp<0, Axgbs>0, (2.14)

for small enough)\&.

Now we proceed with the proof of the theorem.

Proof of Theorem The complementary basic solution corresponding to the
above partition (2.13) with the property (2.14) reads.

§ild =—-b; >0 and
9= —(bp+pefud) and
ugd = Azl > 0.

Note that if 4 > 0 then the LCP (2.8) is solved for thism. Else 9 < 0 and
by decreasing n, with one unit one has:

b
b, b3 <0, b = (b§>

The new complementary basic solution in terms of the old one reads:

SV — _pev >
ew . (Rnew
w3+ sz33161> |

new _
u3 —_—
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with y
7= % (2.16)
a-— Bvel 33 €
We show now that u® > 0. First, we observe that Ag'e; > 0 by virtue

of property (2.10b). Furthermore the denominator of (2.16) is positive as a
principal minor of A being positive definite:

a-ByelALe =det| & —Bef det Az}
1733 _yel A33 3

Also as we noted above /9 < 0. Hence, z > 0 and therefore U’ > 0. This
givesrise and justifies the AOPT algorithm (see Algor. 2.1).

Algorithm 2.1 The AOPT agorithm.
form=1,...,M:do
Start fromacomplementary partition (2.13), which hasthe property (2.14).
Compute UR4.
if npb=0then
stop
end if.
while 39 < 0, do
Np:=np— 1.
Compute Uj>" according to (2.15-2.16).

Np -
if ng =0the
stop
end if.
end while
end for

Note the following implementation detail: the quantity A§31e1 entering the
new basic solution can be implemented by updates similarly to the updating
scheme of (2.15-2.16). By defining X9 := yAzl'e; one can update X" accord-

ing to:
XnaN = (Xolyd y> )
h
where - v .
o — Be xod

Corollary . From the above proof it is clear that the “While do loop” of the
algorithm AOPT completes in at most n step§The proof is evident by the
AOPT algorithm and the Theorem.)
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Now we continue with the proof of the Lemma.
Proof of the LemmaTo prove the property (2.14) we first prove that:
The right hand side of the first time step has the following sign structure;

W::(é). (2.17)

Indeed, since u° = 0 we have:
b®=b=¢— (A+B)y,
or by its elements:
bi = —p[Wi — QWi — (1 - QWi 1] —rAtd;, i=1,...,n.
Assume that iq isthe index such that:
Wici, =K —€4 >0, Wi, =0.

Then one has
biy+1=p(1—-G)Yi, >0,

and therefore bi»j, > 0. If iy issuch that K = o then bi>i, > O, otherwise by,
may have either sign.
To analyze thei < i, case one may define a new vector g by:

bi = pci — raty;,

where
G =G+ (1-Gwi-1— i,
or
G = €% (1— coshAf) + €i(1— 26) SinhAL.

The first term is always negative, whereas the second term may be of either
sign: for § > % it is non-positive and therefore h;, < 0 too. In case of § < %
the terms are competing and the sign of h.;, may be positive for some indices
i near io. In any case one can restrict A¢ to be small enough such that b, < 0.
For example, a sufficient condition may be the non-positivity of G.i,. Using
the definition of § and asimple algebra yields:

A%
> 1

tanh% ~ 1-%°

(2.18)

This condition implies that in the extreme case of high volatility (A& should
of the order O(r/c?).
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A consequence of the above structure isthe property (2.14) for the first time
stepm= 1. Indeed, since A= > 0 by virtue of (2.10b) we can make a partition
(2.13) with the property (2.14) by taking as ks the nonnegative part of the
starting right hand side k.

Finaly let us prove the Lemma for any other time step. The proof is by
induction.

For m= 1the Lemmaistrue. Let us show it holds also for m= 2. Using
(2.9) for 6 = 1 we get:

b? = b +ul, (2.19)

where ul isthe solution to the LCPs (2.8) for m= 1. Since Agu} = b we have:
Aggbs = uj+Aguj > 0. (2.20)

From (2.19) we have b2, b3 < 0 and the Lemmais proven for m= 2.
FromtheAlgorithm AOPT itisclear that thefeasiblebasic solutionisupdated
by positive increments. Therefore one has:

ug > Agdb3, (2.21)
from which it follows that:
u® > ut. (222

Until now together with theLemmafor m = 1, 2wehave proventhefollowing
monotonicity
um>u™t m=1.2 (2.23)

Finally let us assume that the Lemmaand the above monotonicity are true at
the time slice m— 1 and show that they hold at the time slice m. Again using
(2.9) for 8 =1 we get:

b™=pb™ 4 umt ™2, (2.24)
and since Agju—* = b7 we have:
bl =uf T A (U —ug 2. (2.25)

Using the monotonicity at m—1,i.e. &f ! > uj2it followsthat A b3 > 0.
Applying the AOPT Algorithm we solve the LCP for thistime slice. Since the
feasible basic solution is updated by positive increments we have:

ud' > AzbT. (2.26)

Using (2.25) we get:

um > umt, (2.27)
i.e. the monotonicity isproven also for thistimeslice. From (2.24) follows that
b",bY' < 0 and the Lemmais proven for thistime slice. B
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Remark We have shown that the right hand side for the ! time slice has a
certain sign structure for A satisfying the inequality (2.18). In fact, for azero
risk-free interest rate r this condition it is not fulfilled. As a conseguence the
18t time slice right hand side is nonnegative and there are no LCPsto be solved.
In this case the option is optimally held to maturity.

From Lemma the starting complementary partition at each time step may
be given by the last complementary partition of the previous time step. This
simplifies the AOPT agorithm which is summarized by Algor. 2.2, where all
partitions of the form (2.13) correspond to the complementary basic solutions
of the form (2.12).

Algorithm 2.2 The AOPT1 algorithm.
Take n, such that bY, b§ < 0.and b > 0.
form=1,...,M: do

y=velAzler, z=e] Azlbs.
if n, =0, then
=0,
else
s =—(b2+B2).
end if
while s, < 0, do
Np:=Np— 1.
z=—%/(a—By).
if np =0, then
=0,
else
s :=—(b2+B2z), y :=vy/(a —By).
end if
end while
ul' = Azibs, Ul :=0,uJ := 0.
b:=hb°—-Bu™
end for

Since at each time step the algorithm AOPT 1 calls only three times alinear
system solver, we conclude that it has an O(n) numerical complexity. (It takes
an order O(n) operations to compute the LU decomposition of the tridiagonal
matrix A [Golub and Van Loan, 1989].) Hence the overall complexity of the
algorithm AOPT1isO(n x M). InFig. 2.1 we show as an example the efficient
frontier of an American option computed using the algorithm AOPT1.
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Figure 2.1. Efficient frontier of an American put option computed by the AOPT1 algorithm
described in the text and 6 = 1 for 100 time steps and p = 6400. The option parameters are:
interest rater = 0.1, volatility o = 0.2, strike price K = 1 and maturity T = 1.

4. Concluding remarks

Themain result of thiswork isthat the American options can be evaluated in
linear time using the algorithm AOPT 1. On the other hand such an application
represents a class of structural LCPs that can be solved in linear time.

We note that although the proof relies on the implicit difference scheme, our
experience with the algorithm AOPT1 is that it works for al 6 € [%, 1,0= %
(Crank-Nicholson scheme) being the most accurate: it's time discretization
errors are of the order O((At)?) [Tavellaand Randall, 2000].

However, for 6 = 3 the computed option prices do not satisfy the mono-
tonicity property (2.27). In this case, for large p values the eigenvectors cor-
responding to high eigenvalues of the discrete Black-Scholes operator become
apparent in the discrete value function. Such components are artifacts of the
discretization and their presence should be avoided. (see also [Tavella and
Randall, 2000])

This hints that although popular in finance, the Crank-Nicholson schemeis
not robust. One must work with moderate p or with small time steps to achieve
the desired properties of the option’s value function [Myneni, 1992].

Acknowledgments

Artan Borici would like to thank Hans-Jakob Liithi and |FOR/Risklab where
this work was compl eted.



26 COMPUTATIONAL METHODS IN ECONOMICS AND FINANCE

References

Th. Avramidis, Y. Zinchenko, Th. F. Coleman, and A. Verma, Efficiency im-
provements for pricing American options with a stochastic mesh: parallel
implementationFinancial Engineering News 19 (2000) 1-7

R. Barrett, M. Berry, T. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout,

R. Pozo, Ch. Romine and H. van der Vorst, Templates for the Solution of
Linear Systems: Building Blocks for Iterative Methdaigl. ed., SIAM, 1994,
Philadelphia

JM.Borwein and M.A.H. Dempster, The linear order complementarity prob-
lem Math. of Operations Research 14 (1989) 534-558

R. Chandrasekaran, A special case of the complementary pivot proh@pssearch
(1970) 263-268

R.W. Cottle and J-S. Pang and R.E. Stone, The Linear Complementarity Prob-
lem Academic Press, Inc. 1992.

C.W. Cryer, The solution of a quadratic programme using systematic overre-
laxation, SIAM J. Control and Opt. 9 (1971) 385-392

M.A.H. Dempster and J.PHutton, Pricing American stock options by linear
programming Mathematical Finance 9 (1999) 229-254

M.A.H. Dempster, J.P. Hutton & D.G. Richards, LP valuation of exotic Ameri-
can options exploiting structuyd. Computat. Finance 2 (1998) 61-84

M. Fiedler and V. Ptak, On matrices with non-positive off-diagonal elements
and positive principal minorCzechoslovak Math. J. 12 (1962) 382-400

G.H. Golub and C.F. Van Loan, Matrix Computations2nd ed., The Johns
Hopkins University Press, Baltimore, 1989

J. Huang and J-S. Pang, Option pricing and linear complementarjty. Com-
putat. Finance 2 (1998) 31-60

K.G. Murty, On the number of solutions to the complementarity problem and
spanning properties of complementary cgneisiear Alg. and its Appl. 5
(1972) 65-108

R. Myneni, The pricing of the American optioénnals of Appl. Probability 2
(1992) 1-23

L.C.G. Rogers and D. Taay, editors of Numerical Methods in Finan¢g&€am-
bridge University Press 1997.

D. Tavella and K. Randall, Pricing financial instruments: the finite difference
method 2000, John Wiley & Sons, Inc.



