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Approximation algorithms for precedence-constrained scheduling

problems on parallel machines that run at different speeds

Fabidn A. Chudak* David B. Shmoys!

Abstract

We present new approximation algorithms for the problem of scheduling precedence-constrained
jobs on parallel machines that are uniformly related. That is, there are n jobs and m machines;
each job j requires p; units of processing, and is to be processed on one machine without in-
terruption; if it is assigned to machine 4, which runs at a given speed s;, it takes p;/s; time
units. There also is a partial order < on the jobs, where j < k implies that job £ may not
start processing until job j has been completed. We shall consider two objective functions:
Cmax = max; Cj, where C; denotes the completion time of job j, and }_, w;C;, where w; is a
weight that is given for each job j.

For the first objective, the best previously known result is an O(y/m)-approximation al-
gorithm, which was shown by Jaffe more than 15 years ago. We shall give an O(logm)-
approximation algorithm. We shall also show how to extend this result to obtain an O(logm)-
approximation algorithm for the second objective, albeit with a somewhatlarger constant. These
results also extend to settings in which each job j has a release date r; before which the job
may not begin processing. In addition, we obtain stronger performance guarantees if there are
a limited number of distinct speeds. Our results are based on a new linear programming-based
technique for estimating the speed at which each job should be run, and a variant of the list
scheduling algorithm of Graham that can exploit this additional information.

1 Imntroduction

The study of performance guarantees for approximation algorithms can be traced back to the work
of Graham (1966), who studied the following scheduling problem. There are n jobs to be scheduled
on m identical parallel machines, where each job j, 7 = 1,...,n, requires p; uninterrupted units
of processing on one of the machines, and each machine can process at most one job at a time;
furthermore, there is a partial order < on the jobs that specifies precedence constraints, where
j < k means that the processing of job j must be completed by the time job k is started. The
objective is to minimize the length of the schedule, that is, the time by which all jobs have been
completed. Graham showed that a simple list scheduling rule finds a schedule of length within
a factor of 2 of optimum, and no better constant guarantee is known today. We shall say that
an algorithm is a p-approximation algorithm if it is guaranteed to deliver a solution of objective
function value within a factor of p of optimal in polynomial time.

Our work concerns a natural generalization of this problem, in which each machine ¢ runs at a
specified speed s;, i = 1,...,m, and so if job j is processed by machine ¢, it takes p;/s; time units
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to be completed, i =1,...,m, j = 1,...,n; such parallel machines are called uniformly related. Liu
& Liu (1974) showed that one could still analyze the list scheduling approach in this setting, but
they proved a performance guarantee that depends on the particular speeds of the machines and,
even for a fixed number of machines, this guarantee can be arbitrarily large. Jaffe (1980) refined
this analysis, and showed that if one restricts attention to those machines whose speeds are within
a factor of v/m of the fastest machine, and applies list scheduling using only those machines, then
the resulting algorithm is an O(y/m)-approximation algorithm. Prior to our work, this was the best
known performance guarantee for the problem of scheduling on uniformly related parallel machine
subject to precedence constraints. We shall provide an O(logm)-approximation algorithm for this
problem. Furthermore, we shall provide a much stronger performance guarantee for instances in
which there are a limited number of distinct machine speeds.

If all of the jobs are independent, or in other words, there are no precedence constraints, then
stronger performance guarantees are known. Gonzalez, Ibarra, & Sahni (1977) gave a simple 2-
approximation algorithm; Hochbaum & Shmoys (1988) gave a polynomial approximation scheme,
or in other words, provided a p-approximation algorithm for each p > 1. A result of Lenstra &
Rinnooy Kan (1978) implies that if there are precedence constraints, then, for each p < 4/3, no
p-approximation algorithm exists unless P = AP. The performance guarantees that have been
obtained for machines that run at different speeds have typically matched those obtained for the
special case in which the machines are identical. This analogy would be complete if one could
show that there exists a constant approximation algorithm (or perhaps even a 2-approximation
algorithm) for the precedence-constrained problem on uniformly related parallel machines. By
improving the best known performance guarantee in this case from O(y/m) to O(logm), we are
taking a significant step towards this goal.

Throughout this paper, we shall use the following notation, which follows the survey article
of Graham, Lawler, Lenstra, & Rinnooy Kan (1979). For a given schedule, C; shall denote the
completion time of job j, j = 1,...,n. Thus, the length of the schedule is max;—1. » Cj, and
we shall denote this by Crax. We shall also be interested in minimizing the weighted sum of job
completion times; that is, each job j has a given weight w;, j = 1,...,n, and the objective is to
minimize 337 ; w;C;. We shall also give an O(logm)-approximation algorithm for this objective,
which improves upon an O(y/m) performance guarantee proved by Schulz (1996).

We shall also adopt the «|B|y notation of Graham, Lawler, Lenstra, & Rinnooy Kan (1979)
to specify scheduling problems: we shall only be interested in the cases in which « is either P or
Q, denoting identical parallel machines or uniformly related parallel machines, respectively; 3 is a
(possibly empty) subset of {r;, prec, pmtn}, where r; indicates that each job j has a specified release
date before which it may not start processing, prec indicates that there are precedence constraints,
and pmin indicates that preemption is allowed, (that is, the processing of a job may be interrupted
and continued later, possibly in a different machine); v indicates the objective function, which will
be either Cryax or 3 w;C;. For example, the main results of this paper are O(log m)-approximation
algorithms for the problems Q|r;, prec|Cmax and Q|r;, prec| > w;C;.

The list scheduling algorithm of Graham can be described as follows. The jobs are listed in some
order, for example, 1,2,...,n. The schedule is constructed “in time”: whenever a job completes,
each idle machine selects the first as yet unscheduled job on the list for which all of its predecessors
have been completed; if no such job exists, then the machine remains idle until the next job has
been completed.

Our algorithm is based on the following simple ideas. We consider only the machines whose
speeds are within a factor of m of the fastest machine, and partition the machines into log m groups
so that, within a group, all machines have roughly the same speed (for example, within a factor
of 2 of each other). We then assign each job to one of these groups; each job will be processed by



one of the machines in its assigned group. The schedule is then constructed by the following slight
variant of the list scheduling algorithm: each machine may only select a job for processing if this
job has been assigned to its group. Of course, the performance of the algorithm depends critically
on the way in which the job assignments are done. Our assignment algorithm is based on solving
a linear programming relaxation of the problem, in order to determine an estimate of the speed
at which each job should be done; then the final assignment ensures that the job is processed at
least at that speed, while also assuring that the loads on the various groups are sufficiently well
balanced.

In several respects, this algorithm is similar to an on-line O(logm)-approximation algorithm
of Shmoys, Wein, & Williamson (1995) for @Q||Cmax- For their algorithm, each job assignment
was based simply on whether the job could finish on a machine in that group by a currently
estimated deadline. Our algorithm was also motivated by recent results of Hall, Schulz, Shmoys,
& Wein (1996) and Chakrabarti, Phillips, Schulz, Shmoys, Stein & Wein (1996) that employ linear
programming in the design of list scheduling algorithms for minimizing ) w;Cj. In these algorithms,
the optimal solution to a linear programming relaxation was used to order the jobs in the list. We
will also take advantage of these ideas in our algorithm for the ) w;C; objective.

Finally, we consider the generalizations of these problems in which each job has a specified
release date r;, before which it is not allowed to begin processing. For the Crax objective, this is
not a substantially more general problem. Shmoys, Wein, & Williamson (1995) have given a broadly
applicable technique that takes a p-approximation algorithm for a scheduling problem «|3|Cmax
without release dates, and converts it into a 2p-approximation algorithm for the generalization
with release dates; in fact, the new algorithm is on-line, in the sense that for each point in time
t, the algorithm schedules up to time ¢ without knowledge of those jobs released at time ¢ or
later. This technique is quite simple: the jobs are scheduled in batches, where the jobs in the next
batch are simply those jobs that were released while the jobs in the previous batch were being
processed. Hence, an immediate corollary of our work is an O(logm)-approximation algorithm for
the generalization with release dates. For the ) w;C; objective, we can incorporate the release-
date constraints into our linear programming formulation, and obtain a relatively direct extension
in this way.

2 A speed-based list scheduling algorithm

In this section, we will introduce our variant of the list-scheduling algorithm that is the basis
for our approximation algorithms for scheduling on uniformly related machines. The proof of
the performance guarantee of the list scheduling algorithm for identical parallel machines is quite
simple. Graham (1966) observed that any schedule produced by this algorithm has a chain of jobs
J1 < ja < -+ < jr such that a machine is idle only when some job in the chain is being processed.
The total processing requirement of any chain is a lower bound on C} ., the length of the optimal
schedule. Similarly, the total length of time intervals in which all machines are busy is also a lower
bound on C} ... Hence, the total length of the schedule is at most 2C} ...

If one considers the straightforward extension of this analysis to uniformly related parallel
machines, then the main difficulty is that the first lower bound no longer holds. The time required
to process a particular chain of jobs can only be lower bounded by the time required on the fastest
machine, and the list scheduling algorithm might not have scheduled these jobs on the fastest
machine. However, if we know in advance at which speed to process each job, then the length
of time spent processing a chain can provide a lower bound once again. Unfortunately, if we are
restricted to process jobs at particular speeds, then we can no longer ensure that all machines are

busy. However, we can ensure something slightly weaker, that at least all machines of one particular



speed are busy, and this is the central idea behind our algorithm.

Assume that there are my machines of speed S, K = 1,..., K, where 57 > 52 > -+ > 3g;
furthermore, for each job j, s =1,...,n, let k() index the speed at which job j is to be processed.
For this assignment, we can compute the total load Dy, assigned to machines of speed 3g; that is,

Dp= — b
Tk jikG)=k °F

We can also bound the length of each chain of jobs: let C be the maximum over all chains C of

Pi

jec Sk()

Consider the following speed-based list scheduling algorithm to schedule the jobs listed in the
order 1,2,...,n. The schedule is constructed “in time”; whenever a job completes, we attempt to
start a job on each machine that is not currently processing a job. We consider the idle machines
in some given order. For a machine of speed Sk, we select the first job j on the list that has not
already been scheduled for which k(j) = k and all of its predecessors have been completed; if no
such job exists, then this machine remains idle until the next job has been completed.

The speed-based list scheduling algorithm clearly produces a feasible schedule. We will next
show how to bound the length of this schedule.
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Figure 1: Scheduling by the speed-based algorithm.

Theorem 2.1 For any job assignment k(j), j = 1,...,n, the speed-based list scheduling algorithm
produces a schedule of length

K
Cmax < C+ Y _ Dy.

k=1
Proof: The proof of this theorem is a generalization of the analysis of Graham (1966). Consider
the schedule produced by our algorithm, as depicted in Figure 1. We will partition the time from
0 to Chax into K + 1 parts, Tg, k = 0,..., K, where each 7 consists of the union of disjoint time
intervals. Consider a job j1 that completes at time Cpax. We shall construct a chain that ends with
j1 as follows: for t = 1,2,..., iteratively define j;1+1 as a predecessor of j; that completes last in
the schedule; if j; does not have any predecessors, then the chain C is complete. Let 7y denote the
periods of time during which some job in C is being processed. Consider the complementary time



periods, which consist of a collection of disjoint time intervals, each of which ends at a time that
some job in C begins processing. Consider the interval that ends when job j € C begins processing
and assign this interval to 7j;). We have now partitioned the time from 0 to Cnax into the sets
Te, k=0,...,K.

First of all it is clear that the total length of 7y is at most C, since the algorithm assigns each
job j to be processed on a machine of speed Si;), j = 1,...,n. Next, we argue that, during each
time interval included in 7, no machine of speed 3y is idle, k = 1,..., K. The reason for this is
simple. Consider one such interval I assigned to 7, for some k£ =1,..., K, and the job j € C that
starts at its endpoint. Our construction ensures that k(j) = k and that all predecessors of j have
completed by the start of I (since the immediate predecessor j' of j in C completes at the start
of I, and j' was selected as the predecessor of j that is the last to complete). Consequently, if a
machine of speed 5 were idle in I, then job j would have been scheduled earlier by the algorithm.
Hence, all machines of speed S are busy at each time in 7. If the total length of the intervals in
T is 1k, then there must be spmyty units of processing done on these machines during this time.
However, there are only E]-:k(]—)zk p; units of processing to be performed on machines of speed 3,
throughout the entire schedule. Hence,

1
te < —— > pj=Dy k=1,... K
kR jik(i)=k
Therefore, we have shown that the length of the entire schedule is at most C + Eszl Dy,. |

3 An O(logm)-approximation algorithm for Q|r;, prec|Cnax

In this section, we will show how to assign jobs to machine speeds to yield a (K + 2vK + 1)-
approximation algorithm for inputs in which there are K distinct machine speeds. We then show
how this algorithm can be modified to obtain an O(log m)-approximation algorithm in general.
Furthermore, by a general result of Shmoys, Wein, & Williamson (1995), this implies that there
also is an O(logm)-approximation algorithm for the more general setting in which each job j has
a specified release date r; before which it may not begin processing.

As before, suppose that there are my machines of speed S, where §; > 59 > --- > 5. Then,
in any schedule of length Chax, the kth group of machines can perform at most mg5ECmax Units
of processing. If we schedule jobs on only the group of machines for which this capacity is largest,
then we are increasing the total load on this group by at most a factor of K. Of course, if this
group of machines is also the slowest, then we might greatly increase the length of time needed
to process any chain. Hence, we will first compute a good estimate for the length of time that is
“reasonable” to spend processing each job, and then assign the job to be processed on the greatest
capacity group of the machines that run at least that fast. The estimates will be computed by
solving a relaxation of Q|prec|Crax-

We would like to assign jobs to machine speeds in such a way that the upper bound C +EkK=1 Dy,
is not too large. We will introduce a relaxation of the problem of computing an assignment that
corresponds to a schedule of length D. We shall use 0-1 variables z; to indicate whether or not
job j is assigned to run at speed Sg. Since each job is to be assigned to some machine speed,

K
dwy=1, j=1,...,n (1)
k=1



The total processing requirement assigned to machines of speed 3 does not exceed the capacity
that can be processed by these machines by time D:

1
mkSk

Zp]a:k]<D k=1,...,K. (2)

To bound the length of each chain, we introduce variables C;, j = 1,...,n, which are not constrained
to be integer, and represent completion times. Clearly, each job cannot be completed earlier than
the time required to process it on its assigned machine:

K

p; .
Z_—JxkjSCj, ]=1,...,’I’L. (3)
k=1 %

Furthermore, for each precedence relation j' < j, the difference C; — C;» must be at least the time
spent processing j:

K
Z ok <Cj—Cp, 5 <4 (4)

Of course, if the schedule is of length D, each job must complete by then:

fnl|"d

C; <D, j=1,...,n. (5)
Finally, the assignment variables are constrained to be 0-1:
ry; € {0,1}, k=1,...,K, j=1,...,n. (6)

Hence, a mixed-integer programming relaxation of Q|prec|Crnax is as follows: minimize D subject
to (1)-(6); that is, the optimal solution to this mixed-integer program gives a lower bound on the
length of the optimal schedule, C7 ..

For any assignment that corresponds to a feasible solution for this mixed-integer program of
objective function value D, the speed-based list scheduling algorithm will find a schedule of length
(K 4+ 1)D: the constraints (4) & (5) imply that the length of any chain is at most D, and the
constraints (2) imply that for each &k = 1,..., K, the total load Dy assigned to the machines of
speed Sg is at most D. In fact, Theorem 2.1 states something much stronger: in order to obtain this
bound we do not need an integer solution that satisfies (2), but rather just satisfies the aggregated

constraint:

Our algorithm shall make use of the fact that this weaker inequality is sufficient.
Suppose that we replace the constraints (6) by

< K-D. 7
1Sk Zpﬁk] (7)

zrj > 0, k=1,...,K, j=1,...,n. (8)

The linear programming problem, minimize D subject to (1), (2), (3), (4), (5), and (8), shall be
denoted LP. This linear program can be solved in polynomial time, and its optimal solution Zg;,
k=1,...,K,j=1,...,n,and éj, j=1,...,n, has an objective function value D that is a lower
bound on the optimal schedule length, C;ax This optimal solution to LP can be used to assign
the jobs to machine speeds in a good way.



The assignment algorithm is quite simple. For each job j, 7 = 1,...,n, we first compute the
(averaged) length of time p; spent processing it by the optimal solution to LP:

K
P, = (Pi/k)Thj, J=1,...,n.
k=1
Furthermore, we let B; index the set of (bad) speeds that are too slow for job j:

Bj ={k:p;j/sx>2p;}, j=1,...,n.

For each job j, j = 1,...,n, we let k(j) be the index k ¢ B; for which p;/(Sxmy) is minimized,
or equivalently, the one for which $ymy is largest. For this assignment k(j), j = 1,...,n, we shall
show that C+Y &, D, < 2(K+1)D. Since D < C* ., by applying the speed-based list scheduling
algorithm to this assignment, we have obtained a 2(K + 1)-approximation algorithm.

We first bound the length of any chain under the assignment k(j), 7 =1,...,n.

Lemma 3.1 The assignment algorithm computes values k(j), j = 1,...,n, such that, for each
chain of jobs C,

2_Pi/Si) < 2D.
jec

Proof:  Consider a chain C consisting of jobs j; < j2 < --- < j». To prove the lemma, we will
first show that
ZZ_)J' <D. (9)
jec
Then, since our algorithm ensures that each job j is processed by a machine k(j) on which it takes
at most 2p; time units, we obtain the claimed bound.
Since T satisfies (3), P < Cj,. Furthermore, Z satisfies (4), and so, since j;_1 < ji, 1 = 2,...,7,

we have that p;, < C — C’Jz st =2,...,7r. If we add these constraints, we see that
>.p;<C
jec
Finally, by (5), Cj, < D, and hence, (9) holds. |

We next bound the total load implied by our assignment, k(j), j =1,...,n.

Lemma 3.2 Let Zy; =1 if k =k(j), j=1,...,n, and let T; = 0, otherwise. Then

Z

Proof: Consider the problem of optlmlzmg over a simplex: minimize E —1¢jy; subject to

Zp]:ck] <2KD.
mks

E;-V:l y; =1, y; 20,7 =1,...,N. In this case, it is easy to see that there exists an optimal
solution y* that is integer: find j* such that ¢;»+ = minjc;, and set yj» = 1, and set all other
components of y* to 0.

Similarly, the solution Z is an optimal solution to the following linear program:

Minimize Z

Zp]:ck] (10)

mksk



subject to
K
zxkj = 1, J=1,...,n, (11)
k=1
zr; = 0, itke B;, j=1,...,n, (12)
Ty > 0, k=1,...,K, j=1,...,n. (13)

We shall exhibit a feasible solution Z to this linear program for which the objective function value
is at most 2K D; hence, the objective function value of Z is also at most 2K D, which implies the
lemma.

We shall construct the claimed feasible solution by applying the filtering technique of Lin &
Vitter (1992) to 7, the optimal solution to LP. Let a; := EkgB,- Tp;; note that a; > %, since at
most half of a weighted average can be more than twice the average. We then set

. 0 ifke B
Fay =

Thi .
—2  otherwise

It is straightforward to see that Z is a feasible solution to (11)-(13). Furthermore, Z3; < 2Ty;, for
eachk=1,...,K,j=1,...,n. Hence, from (2), we have that

1 n

MESk “
kSk =

pjTr; <2D, k=1,...,K. (14)
1

This implies that Z has objective function value (10) at most 2K D; since Z is an optimal solution,
it too must have objective function value at most 2K D. |

By combining Lemmas 3.1 and 3.2, we see that for our assignment k(j),j = 1,...,n, C+3% , Dy <
2(K +1)D. In fact, this argument does not properly balance the contribution of chain and overall
machine loads. Instead, we should modify the definition of B;, by replacing the 2 by VK +1; that
is,

Bj={k:p;j/st > VK +1)p;}, j=1,...,n.

We then use this definition of B; to find an assignment k(j), j = 1,...,n, as before: let k(j) be
the index k ¢ B; for which 3™y is largest. After modifying the definitions in this way, we then
see that a proof exactly analogous to that of Lemma 3.1 yields the following claim.

Lemma 3.3 The assignment algorithm computes values k(j), j = 1,...,n, such that, for each
chain of jobs C,
ij/gk(j) < (\/E-F l)ﬁ
jec
|

If one traces through the proof of Lemma 3.2 with this modified definition of B;, then one finds
that o is now greater than VK /(vK + 1). Consequently, equation (14) becomes

1 & VK +1—

N < Y0P k=1,.. K,
mksk; I VK

and hence we obtain the following analogue of Lemma 3.2.



Lemma 3.4 Let Zx; =1 if k =k(j), j=1,...,n, and let T; = 0, otherwise. Then

ijfkj < (K+ \/E)ﬁ

By combining these lemmas with Theorem 2.1, we have obtained the following result.

Theorem 3.5 The assignment algorithm combined with the speed-based list scheduling algorithm
yields a (K + 2v'K +1)-approzimation algorithm for Q|prec|Cmax, where K denotes the number of
distinct machine speeds.

Furthermore, the proof of this theorem actually implies the following somewhat stronger claim.

Corollary 3.6 The assignment algorithm combined with the speed-based list scheduling algorithm
produces a schedule for which Cmay is within a factor of (K +2vVK +1) of D, the optimal value to
the linear program LP.

Our next goal is to show that we can reduce the general problem to the case in which there are
at most log m distinct speeds. We can assume that the speeds of the m machines s;, i =1,...,m,
actually consist of K distinct speeds 1 = 51 > 32 > --- > Sg. (Of course, in the worst case,
K =m.) We will show that for these machine speeds we can adjust them downwards, so that there
are at most log m remaining distinct speeds, and yet the optimal value of the linear program LP
is increased by at most a factor of 4 by this modification. Hence, by Corollary 3.6, we obtain an
O(log m)-approximation algorithm for Q|prec|Cmax. This modification of the speeds consists of two
steps, in which we first eliminate all machines whose speed is more than a factor of m slower than
the fastest machine, and then simply round down each remaining speed to the nearest power of
(1/2). By ensuring that each machine is modified to run no faster than its true speed, we guarantee
that any schedule for the modified instance can be interpreted as a schedule of no greater length
for the original instance.

Let ko, index the smallest speed that is greater than 1/m; consequently, 5 < 1/m, k =
ks + 1,...,K. We shall call the machines of speed greater than 1/m fast, and the remaining
machines slow. We will show that all work assigned to slow machines can be reassigned to the
group of fastest machines. Since there are fewer than m slow machines, the total speed of the slow
machines is less than 1, which is equal to s;. In essence, this means that any machine of speed 1 can
do the work of all of the slow machines, while taking at most twice as long. More precisely, for any
feasible solution to LP, Ty, k=1,..., K, j=1,...,n, Cj,j=1,...,n, and D, we can construct
a feasible solution Z of objective function value at most 2D that uses only the fast machines. We
set D = 2D, and for each job j =1,...,n, we set

K
Ty =Ty + Y Taj,
ko+1

ZTrj = Thjy k=2,...,ko, and 5’]- = Cj. This is a feasible solution to LP for the instance in which
only the fast machines remain.

Hence, we may assume that each machine speed 53 € (1/m,1]. For each machine ¢, round down
its speed to the nearest power of (1/2); each machine of speed s; € (27%,27%+1] is simulated by
a machine of speed 27%. Another simple calculation shows that the solution Trj, k=1,... ko,
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j=1..,n, 2C~’]~, j=1,...,n, and 9D = 4D is a feasible solution to LP for this rounded
data. There are at most logm distinct speeds after this rounding. Hence, we have obtained a
4(logm + 24/log m + 1)-approximation algorithm for Q|prec|Cmax-

The construction above to reduce the general case to one in which there are few distinct speeds
is not optimized to produce the best leading constant in the resulting performance guarantee. For
example, we can round all speeds less than 1/(8m) down to 0, and round all speeds in the interval
(~®, o~ %1 down to o *, for any choice of @ > 1 and § > 1. The same calculations imply
that there are log, (fm) distinct speeds resulting, and the rounding increases the optimal value of
the linear program LP by a factor that is at most a(1 + 1/3). If we set @ = e and 8 = logm
(and we should emphasize at this point that we have been using log m to denote log, m), then the
performance guarantee becomes 1.891log m + ©(y/logm). Thus, we have established the following
theorem.

Theorem 3.7 If K is the number of different machine speeds, there is a min{ K+2v/ K+1,1.89logm +
©(+/Tog m) }-approzimation algorithm for Q|prec|Cmax-

In fact, we have shown that given a feasible solution to LP with objective value D, there is a
polynomial-time algorithm that finds a schedule of length at most min{K + 2vK +1,1.891log m +
©(y/log m)}D. We will use this fact in the next section.

Now consider the generalization of this scheduling problem in which each job j, 7 =1,...,n,
has a release date r; before which it may not begin processing. As mentioned earlier, we can apply
a general result of Shmoys, Wein, & Williamson (1995) that, given our approximation algorithm
for Q|prec|Cmax, produces an algorithm for Q|r;, prec|Cmax, with twice the performance guarantee.
One must be a bit careful in applying this technique, since it is necessary that j < j' implies that
r;j <7y, but this is easy to ensure without loss of generality.

Corollary 3.8 For Q|rj,prec|Cumax, there is a 2 - min{K + 2V K + 1, 1.89logm + ©(y/logm)}-
approzimation algorithm, where K is the number of distinct machine speeds.

Next, notice that our linear programming relaxation is also a relaxation for the variant of the
problem in which preemption is allowed. As a consequence, we obtain the following corollary, which
improves upon the O(y/m)-approximation algorithm of Jaffe (1980).

Corollary 3.9 For Q|prec, pmin|Cuax, there is a min{K + 2V K + 1, 1.89logm + ©(v/logm)}-
approzimation algorithm, where K is the number of distinct machine speeds.

Furthermore, since our algorithm produces schedules that do not preempt any jobs, we have
established the following interesting relationship.

Corollary 3.10 For any instance of Q|prec|Cmax, the ratio between its nonpreemptive optimal
value and its preemptive optimal value is O(logm).

We will show next that we can not obtain a constant performance guarantee by relying only
on LP for the lower bound used in the proof of theorem (3.7). Perhaps more surprisingly, even
the integer programming version, that is, where the constraints (8) are replaced by (6), is itself
a substantial relaxation of the original problem Q|prec|Cmax- The next theorem shows that, in
comparing the optimal schedule length C} .. to the optimal value D* of this integer program, our
analysis is nearly tight.

Theorem 3.11 There are instances of Q|prec|Cmax for which C .. = Q(log m/loglog m)D*.

max
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Proof: Consider the instances of Q|prec|Cmax defined in the following way. Let = 2%, v = log &
and 7 = k/v. We shall set D = mx"t!, but this merely scales the time units in this construction.
There are m; = 2k machines of speed s; = m/k, ma = (2k)? machines of speed so = m /K2,
..., and my = (2k)7 machines of speed s, = m/k". Thus, the number of machines m satisfies
m < m < 2m?, which implies that K = ©(logm), v = ©(loglogm) and n = ©(logm/loglogm).
Notice also that mgs, = 28m, k=1,..., k.

There are n groups of jobs J;, i = 1,...,7. The first group contains 2x? jobs of processing
requirement mD/k?, the second contains 22k jobs of processing requirement mD/k3, and so
forth, through the last group, that contains 27x7*! jobs of processing requirement mD /7!, For
each job j € J; and each job j' € J;41,i=1,...,7 — 1, we have that j < j'.

If each job in the group J; is exactly assigned to be processed by a machine of speed s;, for each
i=1,...,n, we obtain a feasible solution to the integer program with objective value D; hence D* =
O(D). We show next that each J;, i =1,...,7 — 1, needs Q(D) time to complete; thus, given the
structure of the precedence graph, each schedule completes at time Q(Dn) = Q(D logm/loglogm),
which proves the theorem.

Consider any schedule for J;, for some 72 = 1,...,n7— 1. Since we never use more machines than
jobs, we can assume that we are only using the fastest |J;| = 2°x**t! machines. Since the number of
machines of speed s;;1 is greater than |J;|, we will only be using machines of speeds si,...,8it+1.
Hence the total speed of all machines used to process J; is at most

1+1 2+1 )
Z MESk = Z 2km < 212,

Since the total processing requirement is

i ipimD
2’k —Kz.+1—2mD,

any (preemptive or nonpreemptive) schedule for J; is of length at least

In considering the gap between the O(logm) performance guarantee and the Q(logm/loglogm)
lower bound in Theorem 3.11, we suspect that it might be possible to improve our algorithm. In
particular, we think that it might be possible to round the data for any instance to one with K
distinct speeds while increasing the optimal value of the linear program LP by a factor of at most
p, where pK = O(logm/loglogm). Of course, one advantage of our analysis is that whenever one
can round the input so that pK is small, there is an improved performance guarantee implied as
well.

4 An extension for Q|r;,prec| T w;C;

In this section we give an O(log m)-approximation algorithm for Q|r;,prec| - w;C;, which is based
on combining our algorithm for Q|prec|Cmax With a technique for the special case in which the
machines are identical, P|r;,prec| ) w;C;, that was introduced by Hall, Schulz, Shmoys & Wein
(1996).

We shall start by describing the key points of the result of Hall, Schulz, Shmoys, & Wein for
identical machines. First, they subdivide the time horizon into the following intervals of potential
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job completion times: [1,2],(2,4],(4,8],... . Suppose that we know just the interval that contains
C7, for each j = 1,...,n, where C7 denotes the completion time of job j in some optimal schedule:
this rough information can be used to derive a schedule in which each job j completes by time
8C7, j = 1,...,n. We shall construct a fragment of the schedule for the jobs that complete in
the interval (2¢71,2¢] by the standard list scheduling algorithm (ignoring release dates). Graham’s
analysis ensures that the length of this fragment is at most 2(2¢). Each job j for which C; < 2¢
must also have r; < 2%, Hence, if we actually run the fragment for the £th interval during the time
period (4 - 21,4 - 2%, we have obtained a feasible schedule. Furthermore, if C; € (2¢71,2¢], then
it completes in this schedule by 8(2¢°1), which implies that the algorithm is an 8-approximation
algorithm. Of course, we do not know the interval in an optimal schedule in which each job finishes;
Hall, Schulz, Shmoys, & Wein show that a linear programming relaxation can be used to provide
sufficient estimates, and in fact give a 7-approximation algorithm for P|r;,prec| > w;C;

We shall extend their technique to uniformly related machines in a natural way. We shall use a
linear relaxation in order to estimate the interval in which each job completes. This assigns a set of
jobs to each interval, which will be scheduled using our algorithm of Section 3. This fragment of the
schedule will then be run in a shifted time period, which is sufficiently long, and starts sufficiently
late so as to satisfy all release-date constraints. As in the result of Hall, Schulz, Shmoys, & Wein
(1996), we shall use an interval-indexed linear programming relaxation in order to estimate the
interval in which each job completes. Let 57 > --- > 5x denote the distinct speeds in our input;
we shall assume without loss of generality that p;/5; > 1, foreach k=1,...,K, j=1,...,n. Let
=24 £=0,...,L, where L = log(max, r; + >;Pi/3k). We shall rely on 0-1 decision variables
Zkje, which indicate whether or not job j completes on a machine of speed 3 in the £th interval
(from 2671 to 2¢). Since we will bound the length of each fragment by demonstrating a feasible
solution to the corresponding instance of LP, we shall also introduce the variables C;, j =1,...,n,
which will be used to bound the length of the chains.

Next we describe our linear programming relaxation. Since C; can be thought of as being the
finishing time of job j, the objective is

n
Minimize Y w;C; (15)
=1

All the jobs must be assigned to run at some machine speed:

K L
S>> wie=1, j=1,...,n (16)

k=1¢=1

The capacity constraints up to time 7, can be written as follows:

Zp,z%t <, k=1,..K, {=1,...,L. (17)

Skmk

The time required to execute a job cannot exceed the period of time between its release and its
completion:

K L
P .
D EY e <Cj—rj, j=1,...,n (18)
k=1 5k 1=1
As in LP, for precedence constraints we require
K L
z Z(Ek]g < C C]'I, if jl < J. (19)

k= 1
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In addition, if j < j, the interval in which j completes cannot precede the one in which j' completes

K K

£
Tkjt < z Tkj't if jl <7, £=1,...,L. (20)
t=1k=1 t=1k=1

Since the finishing time of job j is certainly greater than the left endpoint of the interval in which
it completes

L K
ZTZflzxijSCja .72177” (21)
=1 k=1
And finally, we impose
Trie > 0, k=1,...,K, j=1,.;n £ = 1,...,L. (22)
We first solve the linear program (15)-(22); let Tgj, k = 1,...,K, j =1,...,n, and C;, j =
1,...,n denote an optimal solution. We shall assign each job j to an interval in the following way,
which builds on the half-interval technique introduced by Hall, Shmoys, & Wein (1996). First, for
j=1,...,n,let £1(j) denote the minimum value of £ for which
{ K
SO e > 1/2.
t=1k=1

Next, let £2(j) denote the minimum value of £ for which
C; <2t

We set £(j) = max{{1(j),%2(j)} and J, = {j : £(j) = £}, £ = 1,...,L. We shall construct a
schedule for each subset J; separately, by applying the algorithm from the previous section. In
order to bound the length of the fragment of the schedule for Jy, we will show that the optimal
solution 7 and C can be used to define a feasible solution to the instance of LP for this subset
of jobs. Note that the constraints (19) & (20) ensure that if we concatenate the fragments for
J1,J2,...,JL, and each fragment satisfies the precedence constraints among the jobs scheduled
within it, then the resulting schedule satisfies all precedence constraints.

For each job j, j = 1,...,n, let «; denote the total fraction of job j that is completed in the
fractional solution Z, over all speeds, in the first £(j) intervals. By our definition of £(j), o;; > 1/2,
j=1,...,n. We set

43)
ZZTkjg/Oéj, k=1,...,K, j=1,...,n.

=1
Fix some £ =1,..., L, and consider the jobs in J,. If we set CN']- =2Cj, j € Jy, and D= 2441 then
we shall argue that Z, C, and D constitute a feasible solution for LP for this subset of jobs.

Clearly, Z satisfies the assignment constraints (1). Since each «; > 1/2, and 7 satisfies (18),
we have that Z and C satisfy (3); similarly, the constraints (19) ensure that (4) are satisfied and
the constraints (17) ensure that (2) are satisfied. Finally, for each job j € Jy, we have that
C; < 280) < 2%09) = 2% and hence C; < D. Theorem 3.7 implies that we can construct a
schedule fragment for J; of length K2¢+!, where K is the performance guarantee proved for our
approximation algorithm for the Cyax objective. This fragment shall be run from time K (1 + 2 +
s+ 29 to K(1 42+ -+ +2¢ 4+ 241). Since K > 1 and 7 < C; < 2¢ for each job j € J;, we are
assured that the resulting schedule satisfies the release-date constraints.

It remains to show that we have scheduled each job j to complete at a time not much greater
than C;: we shall show that 249) < 4C;, j = 1,...,n. Since each job j € J, completes by

Tgj
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time 4K 2¢09), this will imply that we have derived a 16 K-approximation algorithm. We consider
two cases. If £(j) = £2(j), then C; > 240)~1 and hence 2¢U) < 2C;. In the remaining case,
£(j5) = £1(j) > £2(j). Then,

K L
Tll(j)fl(z Z Tkje)

To)-1/2 <
k=1{=t1(j)

K L

< Z > ATkt
K L

< Q0D ATk
k=1£¢=1

< G

Hence, 2¢0) < 45]-, and we have proved the following theorem.

Theorem 4.1 There is a polynomial-time algorithm for Q|prec,r;| > w;C; that finds a schedule
of objective function value within a factor of 16 min{ K + 2vK +1,1.89log m + ©(y/Togm)} of the
optimum, where K is the number of distinct speeds.

Our linear programming relaxation is also a relaxation for the variant of the problem in which
preemption is allowed. Consequently, we obtain the following corollaries.

Corollary 4.2 ForQ|prec,r;,pmin|Y w;C;, there is a 16 min{ K+2v K+1,1.891log m+0O(y/Iogm)}-
approzimation algorithm, where K is the number of distinct speeds,

Corollary 4.3 For any given instance of Q|prec,r;| > w;Cj, the ratio between its nonpreemptive
optimal value and its corresponding preemptive optimal value is O(logm).
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