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Abstract

We address a method for pricing electricity contracts based on valuation of ability to
produce power, which is considered as the true underlying for electricity derivatives. This
approach shows that an evaluation of free production capacity provides a framework where
a change—of-numeraire transformation converts electricity forward market into the com-
mon settings of money market modeling. Using the toolkit of interest rate theory, we

derive explicit option pricing formulas.
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1 Introduction

Beginning in the nineties a number of countries have deregulated their markets for electrical
power. This involved the creation of competitive power markets, where electrical energy
is traded as a commodity. One of the most popular financial products for electricity risk
management is the power forward. The buyer of such an instrument is guaranteed the delivery
of a pre—determined amount of electrical energy as a constant flow over a future period of time
specified in the contract. The delivery is either physical, or settled financially. The importance
of power forwards is comparable to those of forward contracts in other commodity markets
since both the buyer and the writer insure themselves against possible harmful future price
movements. Similarly, derivative instruments written on power forwards are also widely used
to hedge the electricity price risk. However, the valuation of these contracts is still under
discussion due to the lack of convincing economical pricing concepts. The point here is that
the electrical energy is not economically storable. Thus, power forwards with non-overlapping
delivery intervals seem to have different underlying commodities (electrical energy, delivered
in different periods) without any opportunity to transfer one commodity into the other which
makes hedging by commodity storage impossible.

At the first glance, the pricing methodology in the style of interest rate theory seems
appropriate, since a forward contract supplying 1 MWh of electrical power within a delivery
interval immediately after 7 is analogous to a zero—bond maturing at the time 7. However,
for power forwards, we observe a peculiar price behavior (see [19]): considering prices as a
function of time to maturity, one notices that they fluctuate even near maturity (which is also
the delivery start). Clearly, this behavior is impossible for bonds, whose prices converge to
one when approaching their maturity date. As a response to this, a line of research (see [6],

[21], [3], [17]) has focused on modeling the evolution of the whole forward curve dynamics by

dpt (T)
pe(T)

d
(1) => oi(r)dw}, deN.
i=1
Here p.(7) denotes the price at time ¢ for the future delivery of 1 MWh of at time 7 > ¢,
(W}) for i@ = 1,...,d are Brownian motions under risk-neutral probability measure and
(0i(7)) denotes the volatility term structure. The limit limg;, 2?21 oi(1)? is positive or even
400, reflecting the fluctuation of power forward prices near maturity. Specifying volatility
structure, the dynamics (1) yields explicit option formulas (see [3]). However, purposing (1)
directly, qualitative features of electricity risk remain unconsidered. Among them are ques-

tions of existence and interpretation of risk—neutral measures, risk hedging by real assets,



explicit connection to interest rate models and reasons for increasing volatility at maturity.
Furthermore, the question of valuation and hedging for electricity options is frequently consid-
ered as a part of hedging problems in incomplete markets and so electricity risk management
is sometimes linked to pricing of weather derivatives and insurance-like instruments. Obvi-
ously, this point of view neglects the electricity production process: although electrical energy
can not be stored, a hedging is still possible by production capacity investments. That is,
a transparent and liquid market for contracts on availability of free electricity production
capacities will help to price correctly, to reduce, and to avoid risk resulting from electricity

production and trading.

In this work, we respond to these aspects considering pricing of electricity contracts within
a production capacity market. It turns out that equilibrium asset prices are given by their
future payoff, expected with respect to some equivalent measure. Using this framework, we
apply a change-of-numeraire transformation (see [10]) to avail the toolkit of interest rate

theory.

Let us mention some relations to other research in this field. In [9], the authors expose
questions of electricity pricing and explain that the non—storability requires a modeling of
production process. They suggest to use marginal fuel (gas, oil, etc.) prices to describe
forward power prices, considering the fact that fuel is easily transformed into electrical power,
provided an electricity production unit is rented for the delivery period. The work [22] and the
recent paper [7] present a counterpart of this conception for hydro—electric power generation
giving a treatment for operational flexibility valuation and dispatch management to hedge
electricity contracts by optimal schedule of hydro—electric power plants. Both approaches
show that a detailed production—-based modeling may shed light on how to price electricity
contracts. We follow this insight in our paper. Another line of research (see [21], [2], [15], [5])
focuses on modeling the stochastic process of spot price. Again, in [15] a production—based
point of view exhibits reasons for high spot price volatility and highlights the role of real—
time electricity auctions. Electricity auctions themselves are considered as a crucial point in
deregulation of electricity industry and enjoy a considerable research interest (see [8], [1], and
[11] — [14]).

The paper is organized as follows. First we introduce the equilibrium in a production ca-
pacity market to derive a principle for contract pricing. In Section 3 we discuss an application
of interest rate techniques to valuation of contracts written on electricity. An empirical study
of our pricing methodology is presented in Section 4. The detailed proof of the existence of a
symmetric equilibrium, on which the contract valuation is based, is given in Section 5. The

last Section 6 summarizes our results.



2 An equilibrium principle for pricing electricity contracts

Here we present a valuation principle which comes from the realization that though electricity
can not be stored, it can be produced and so the true underlying of electricity contracts
will be physical ability to produce power. Consequently, writers of contingent claims prefer
contracts perfectly replicated by an appropriate portfolio of real production units. For this
reason, we observe that in electricity markets, financial assets typically mimic agreements on
power production capacities. The market price for such an agreement is to be considered as
a fair price for the financial asset which assures the agreements payoff.

We describe electricity market at discrete equidistant times t = 0,...,7, T € N on
the filtered probability space (Q, F, P, (F:)]_,), where F; is the information available to the
market participants at the time ¢ =0,...,T. Let us start deterministically P(A) € {0,1} for
all A € Fy and restrict ourselves to consider adapted processes. Assume that & = EPPvs U™
is a finite set of tradeable assets, where EP"* denotes physical assets (production capacity
agreements) and £/ stands for financial assets. Let (R;)7_, be an R-valued process
describing revenues, where Ry(e) is the revenue from holding the asset e € £ within [t —1,¢].
Suppose that I € N agents may share the assets. An agent ¢ = 1,...,1 is determined by

(x4, U;), where z; €]0,00[ denotes its initial endowment and U; is its utility function
(2) Ui € {U € C10,00[: U’ is positive, strictly decreasing with lim, ., U/(z) = 0}.

At times {0,1,2,...,7} the agents i = 1,...,I trade the assets, which are arbitrarily divisi-
ble, moreover, short positions are allowed. At the end of each period, agents obtain their part
of revenues and re-allocate their wealth. We agree to write (F\t = I;/N;)L, for asset prices
(Fy)L, expressed in the units of savings security whose price process we denote by (N;)L,.

Under additional assumptions, we calculate equilibrium asset prices for given
(3) (F, (F)iZo, )y (No)iZo (Ro){1, (Ui, zi){y.

Let us explain the notion of equilibrium we use. Write S; = (S;(e))cee to denote the price
vector of all physical and financial assets e € £ at time t. A trading strategy ((6:,9:))i_,
determines the number 6; of savings security units and the part 9;(e) of each asset e € &
held by the agent within |¢,¢ + 1]. The strategy ((6:,9:))]_, is called self-financed, if

(4) Xt+1 :Xt+9t(Nt+1 —Nt)+19to(5t+1 _St+Rt+1) for all t=0,...,T—1,

where (X; = 6Ny + v o St)?:() denotes the wealth of this strategy. Let us point out that a
self-financed ((6:,9:))]_, is uniquely determined by its initial wealth z = 6y Ng + g 0 Sy and

asset positions ¥ = (9;)L_,. In fact, savings security positions (6;)L_, are reconstructed from



(x,9) recursively by

(5) 0, = (X775 —9,08,)/Ny,

(6) ch_ﬂ’s = th,ﬂ,S + Ht(Nt+1 — Nt) + 1% 0 (St—H — S+ Rt+1)
starting at ¢t = 0 with X R Thus, each element from

(7) {(z,9): x€]0,00[, ¥ = (V)L is (F)L,—adapted}

corresponds by (5) and (6) to a unique self-financed strategy implying that the set (7) gives

a parameterization of all self-financed strategies and obviously (X} ’19’5)?:0 is the wealth

of the strategy determined by (z,v). For given initial endowment x €]0, 00|, asset prices

S = (St)I,, and utility function U, introduce admissible positions by
Az, 8,U) = {9 = W) : X" >0, t=0,....,T, EUXL")7) < oo}.

We suppose that each agent behaves rationally: given prices S, the agent chooses strategy
v* € A(z, S,U) which maximizes A(z,S,U) - R, ¢ — E(U(X'%’S’ﬁ)).

Definition 1. An equilibrium (S*, 9%, ... ,91*) of electricity market with agents (z;,U;)1_;

consists of price process S* and agent’s positions (19“‘){21 such that market clears as
I I
27935*(6) =1 for all e € EPMV*, 219;‘5*(6) =0 forallec & t=0,...,T,
i=1 i=1

and 9% mazimizes 9 E(Ui()?;i’ﬂ’s*)) on A(z;, S*,U;) for each i=1,...,1.
To ensure the existence of the equilibrium, we upgrade our analysis by additional assumptions.
Assumption 1: The one—period revenue is integrable and bounded from below:

(8) E(|Ry(e)]) < oo, essinf Ry(e) > —o0 forall e ¢ EPW5  t=1,...,T.

Assumption 2: All contracts lose their values at the final date:

9) St(e) =0 forallee&.

Assumption 3: All agents (xi,Ui)Z-Izl are equal: There exists a utility function U and an

initial endowment x €]0,00[ such that

(10) Uy=U, zi=x forali=1,...,1.



The first assumption is reasonable since the capacity holder runs the unit if electricity price
covers variable costs of production, otherwise, the unit is idle and causes merely fixed costs.
Hence, one-period loss is bounded by the fixed costs aggregated within one period. In the
second assumption, essinf ]?2,5(6) > —oo is justified if we suppose that agents trade contracts
which are valid for the period [0, 7] and so the market prices vanish as the agreements expire.
The third assumption helps to avoid an exact description of agents endowments and their
utility functions which are not observed in reality. As we assumed that all agents are equal,

it is naturally to suppose that they hold the same positions ¥*:
(11)  95(e) = 1/I for all e € EPMWS 95(e) =0, forall e c & forall t=0,...,T.

Such an equilibrium (S*,¢*,...,9*) is called symmetric. In the last section we show that
a symmetric equilibrium exists, provided all agents are sufficiently wealthy (in the sense of
(81)). Moreover, there is a measure @ equivalent to P such that equilibrium asset prices are

given by their future revenues, expected with respect to @Q:

T
(12) Sie)=Eqo( > Ru(e)|F), t=0,....,T, e€c€.
u=t+1

The following approach is based on equilibrium, utilizing, however, merely the existence of
Q. Note, however, that we can not replace equilibrium consideration by no—arbitrage argu-
ments, since postulating an arbitrage—free asset dynamics does not explain the mechanism
of price formation. Moreover, choosing some arbitrage—free discrete—time price dynamics, we
end up merely with the existence of some martingalizing measure and get into difficulty with
non—uniqueness of arbitrage—free valuation. A convenient way to price all contracts by the
same measure in some sense chosen by the market is mathematically covered by the above

equilibrium concept.

3 Interest rate formulation

In the previous section, we have outlined that mild assumptions ensure the existence of equi-
librium and provide contract valuation by (12). This formula suggests that equilibrium pricing
is performed by the equivalent—measure—methodology common for financial modeling. If the
market data (3) with (8) — (10) are given, then we are able to explicitly price electricity con-
tracts. However, in reality, most quantities in (3) are not known, instead, one usually observes
exchange prices for various financial products. Hence, to overcome the unknown quantities

in (12), we have to describe the asset dynamics directly under @ such that the observed



exchange prices are explained as best as possible. Let us see how to proceed in this way for
the case of power forward market. We focus on forward contracts with a fixed pre—specified

delivery duration A > 0.

Suppose there is an electricity market with (3) satisfying (8)— (10) where all agents are suffi-

ciently wealthy as stated in (81). Choose the domestic currency as follows:
(13) currency unit at ¢ is 1 MWh, constantly delivered within the interval [¢,t + A].

Suppose that the savings security (N;)l_, is a bank account in EURO paying a constant
interest rate r > 0, which means that
(14)

e~ Ny is the reciprocal EURO-price at time t for electricity delivered within [t,¢ + A].

In the symmetric equilibrium, there exists a measure @ such that the market price p,(7) at

time ¢ for power forward maturing at 7 is given by
1
pe(T) = NtEQ(FV:t) 7=0,....,7, t=0,...,7.

since due to the numeraire (13), all power forward prices finish at one: p.(t) = 1 for all
t=20,...,T, so we describe their dynamics using interest rate theory. To do so, we apply
Heath—Jarrow—Morton (HJM) formulation for spot martingale measure, which assumes that
the wealth of the self financing strategy investing entirely in just maturing bonds is the standard
numeraire security and supposes that all asset prices, expressed in units of this numeraire
follow martingales with respect to the spot martingale measure (see [4], [18]). Thus, to
accomplish the analogy of electricity market to money market in the above form, we have
to choose the wealth of the self financing strategy investing entirely in just maturing power
forwards as the new numeraire. For this reason, we introduce the sliding MWh (B;)L_, defined
by

(15) By =1_ip, 1(w)™", t=0,...,T

which mimics the wealth of this strategy. Choosing (B;)L, as numeraire, we have to change

from @ to the spot martingale measure Q by

NoBr
Nt By

(16) dQ = dQ

in order to ensure the martingalizing property:

for each process (F)l_, such that (F;/N;)L,

17 -
(a7) is a Q-martingale, (F;/B;)L is a Q-martingale.



As a consequence to this, the discounted electricity forward prices

(18) (pe(7) == pe(7)/Bt)i—o are Q-martingales for all 7 =0,...,T.
Moreover, the discounted savings security

(19) (Ny := Ni/By)E, is a Q-martingale.

Now we turn to valuation of the European call option with strike price of K EURO and
maturity date 7; written on the price of a power forward maturing at 7 where 0 < 7 < 75 <
T and 71,72 € {0,...,T}. The crucial point is that option strike price is given in EURO,
which is a foreign currency in the electricity market. Thus, at time ¢, the European call price
in EURO is

(20) Gt = BiEg((pr(m2) - Ke "N )YBL F) /(677 Ny)
1) = Bilg((pri(72) — Ke "™ N )| F) /(e V)

Here Ke "N, is the strike price in MWh, BT_ll,Bt occur due to discounting and undis-

counting, and the division by e "*N; transforms from MWh back to EURO. We shall point

out that the call option price is connected to the put option price

(22) P = BiEG((Ke ™ Noy = pn (7)) B | F) /(7N
by the so—called put—call parity (see [18], p. 123)

(23) Cr— O™ = py(m) /(e " Ny) — e TV K

which is obtained from the difference of (20) and (22) using the identity (a — b)* — (b —
a)t = a — b. Note that the put price is uniquely determined by call price from (23), since
pi(72)/(e"" Ny) is the observed EURO price of the underlying forward at the time ¢.

For the reminder of this section, we substantiate the formula (21) by purposing Q-
dynamics for (N¢)¢, (pe(7))r and (B); within the Heath-Jarrow—Morton framework. There-

fore, we need an adequate model restatement in continuous time.

Let (Wt)te[o,T} be a d—dimensional Brownian motion given on a filtered probability space
(Q,F, (ft)te[o,T]aQ) where the filtration is right—continuous, @Q-completed version of the
Brownian filtration. Suppose (see assumptions HIM.1, HIM.2 from [18]) that the power
forward prices in MWh are given by

(24) pi(T) = exp(— /tT fi(w)du) for all t =[0,7],7 € [0,T)



where the forward rates (f;(7))e[o,) for each 7 € [0,T] fulfill

t t
(25) 1) = o)+ [ o+ [ autriam,
0 0
with some Borel measurable function fo(-) : [0,7] — R and coefficients
a:DxQ—-R, o:DxQ— R

defined on D = {(u,t) : 0 <u <t < T} such that (aw(t))uejog> (0u(t))ucpo,y are for each
t € [0,7] adapted processes satisfying

/Ot ay(t)du < oo, /Ot ou(t)?du < oo for all t €[0,T].

In analogy to (15), we introduce
t

(26) B, := exp(/o fu(w)du) te[0,T]
and according to (18), require that
(27) (De(7) == pe(T)/Bt)iep,)  are (Q—maritingales for all 7 € [0,77].
Let us emphasize that due to (27), « is uniquely determined by o:
(28) a(T) = ou(7) /tT or(u)du for all (¢,7) € D.
Indeed, using (24), (25), and the Proposition 2.2.1 from [4] we have
(29) 4pi(r) = (7)) + Sl ()t + Bu()se ()W
with coeflicients
(30) be(T) = — /tT a(u)du, se(1) = — /tT or(u)du  for all t € [0,7], t € [0,T].

Thus, (27) and (29) are combined to conclude that by(7) + 3|s:(7)||> = 0 for all (¢,7) € D.
Differentiating this equation with respect to 7 we obtain (28), which with (29) finally provides

a substantiated version of (18):
(31) dpi(7) = pe(7)s¢(T)dW,y for all 7 € [0,T7].

The continuous—time counterpart of positive Qfmartingale (19) will be an exponential Q-

martingale, due to the Brownian framework:

(32) d]/\\[t == ]/\\ft’l}tth.



Now we sketch the use of HIM modeling following [4]. Specify (this is a modeling part) the

volatilities

(33) (vt)tE[O,T]v (Jt(T»tE[O,T] for 7 € [OvT]

and today’s forward rate curve

fo(r) = —% In po(7) T €1[0,T7.

Then fi(7) for (t,7) € D is determined by (25) where fot ay(7)du is fixed in (28), and power
forward prices are found according to (24). We may now price electricity options. Let us
illustrate how it works by valuing European call written on a power forward. To obtain a

closed—form solution, we focus on deterministic volatility structures.
Proposition 1. Suppose that
(34) s¢(T) — vy is deterministic for all t € [0,7] and T € [0,T],

then EURO—-price Cy at the time t € [0,T] for European call with strike price K >0 EURO,
time to maturity T € [t,T| written on power forward with time to maturity T € [11,T] is

given by
(35) Cy = Py(m)N(d(1)) — e "D KN (d(2))

where Py(72) is the EURO-price at the time t for the underlying forward and

1 P, 1
(1) = i(ln( t;?)) +r(m —t)+ 522)
d2) = d(1)-1%,
T1
(36) $2 = S2(tm,m) = / 50(72) — val
t
Proof. Using the new measure R
N. -
dQ/ = %d@,
Ny
we rewrite the formula (21) as
s pn(r —rT —r
Co = BV (P - ) R ()
T1
A7 AT T: —rr —r
= BiEQ(R(E gyt 7 ey
T1
= ertEQ/((pﬂ,\(TQ) - eirTlK)Jr |ft)
N,
(37) = Bo( P2 ooy ),
T1

10



Introduce

Py(mg) =¢™ “/(\7’2) — eT“pu<T2) = pu(m2)(e7™N,) ™ for all u € [0, 7]
Ny Ny

which is in view of (14) interpreted as the EURO price at time u for electricity delivered
within [79, 79 + A]. Define

Eu(m) = e " Py(12) = Pu(T2) u € [0, 71]
Ny
which possesses the stochastic differential
(38) dgu(7'2> = gu(TQ) (7udu + ﬁuqu)
where Ito formula yields coefficients
(39) Yu = Hvu”2 - Uusu(TQ)a ﬂu = St(TZ) —v, forall ue [0,7’1] .
Let us write the solution to (38) as
Eulme) = SO(Tg)eL“_%[L]" for all u € [0, 7]
1
(40) = &(m)exp (Ly — Ly — 5([L]u —[L])) for all u € [t, ]

where

(41) L, :/ quq+/ BqgdWy, [L]. :/ 18,1°dq ~ for all u € [0,71].
0 0 0

With these quantities, (37) reads as

(12)  Ci= B ((Bm)exp(Lr, — Ly~ 5([Lly, — L) — " 0R) | 7).

According to Girsanov theorem, (Ly)yefo,r] follows a continuous martingale under Q'. Using

the deterministic time change
l(u) =inf{q € [0,71] : [L]g >u} forall u e [0,[L]]

we verify with time-change properties for continuous semimartingales (see [16], Theorem 4.6,
chapter 3) that
qul = Ll(u)7 .7:; = ﬂ(u) for all u € [0,7’1]

defines a Q'-Brownian motion (W, F)uejo,r], satisfying

(43) L,= W[/L}u almost surely for all u € [0, 7].

11



Since the quadratic variation [L] is deterministic,
o _ !/ !
(44) G - L7—1 - Lt — W[L]‘rl - W[L]t
follows due to (36), (39), and (41) under Q" a centered Gaussian distribution with variance
Eq(G?) = L]y — [L]s = X*(t, 71, 72).
Thus, we obtain from (42) with (43) and (44) that
1
(45) Cr = Eg/((Pu(m) exp(G — 53 — e T TVK) T | Fy).

Being an increment, G is Q’—independent from .7:[’ L, = Fi(z),) and also Q' —independent from
Fi C Fy(r),) where the inclusion holds due to ¢ < [([L];). The expression (35) follows now
from (45) by a straight-forward derivation. O

Let us point out that C; in (42) is alternatively determined using Black—Scholes formula

(46) Cy = BS(Py(12), K, 71, t,, \/Ez(t, T1,72) /(11 — 1))

with ¥2(¢,7,72) from (36) and

(47) BS(s, k,7,t,70) = sN(dy)—e "TDEN(d)
with ) )
- s o) (r — —d, —ovT—1
d+—gm(ln(k)—|—(r—|—2a )T —1)), d_=dy —ovVT—t.

That is, given model parameters, we obtain the plug—in volatility as

(48) gD(t, T1, 7-2) = \/22(t, T1, 7-2)/(7_1 - t)v (t7 Tl)v (Tla TQ) €D

to price electricity options using Black—Scholes formula as in (46). In principle, the relation
(47) could also be utilized for the implied calibration of the model: calculating implied Black—
Scholes volatilities for observed electricity option prices, we obtain ¢(t,71,72) for different
times t, 71, T2 to adjust the model parameters. However, an application of this technique to
option data from the power exchange NordPool did not yield satisfactory results. We have
considered European calls written on seasonal forward contracts (all of them are exercised on
the third Thursday of the month before the first delivery month of the underlying forward,
see [23]). Analyzing the implied volatilities, we observe, up to few exceptions, a steplike
implied volatility graph with a significant drop near maturity. Still, this observation yields
not more evidence than that option prices are eventually settled using Black—Scholes formula

with decreasing volatility near maturity date.

On the contrary to implied calibration, the historical calibration is based on a considerable

amount of reliable historical forward prices. The next section discusses this method.

12



4 Historical calibration

An essential part of our pricing approach to disentangle the forward prices in MWh from
effects caused by MWh-EURO fluctuation. That is, to fit the model to historical forward
prices, we focus in the first step on power forwards in MWh, hereafter we establish connection
to EURQO prices. Let us exemplarily illustrate this procedure for the case of one—factor model.

We begin with the first step. Suppose that we have chosen the simplest one—factor model of
forward rate dynamics specifying in (25) the constant and deterministic forward rate volatility

o €]0, 00[. Taking into account (28), we have thus
oi(t) =0, ay(t)=0%*(r—1t), forall (t,7) €D,

giving the forward rates in (25), and the forward prices in (24) as
t

(49) fi(r) = folr) +o*t(T — 5) + oW}, (t,7) €D
_ po(7) o’
(50) pi(r) = p?) @ P tr(r =) —olr - Hwl),  (t7)eD.

Notice that due to (26) and (49) the dynamics of forward contracts in MWh is uniquely
determined by the initial forward rate curve fy(-) and by the forward rate volatility o.

Moreover, the sliding MWh is given by

(51) Bt—exp/fu )du) —exp/fo du—l——i—U/Wdu te[0,T].

whereas the discounted forward prices in (31) are calculated with (50) and (51) as

(52) (1) = po(T) exp(—/0 o(t — u)qul — ;/0 lo(T — u)|2du) for all (t,7) € D.

Let us explain how to extract the model ingredients fyo(-), o from market data, taking into
account that in reality, the historical contract prices will be in EURO, which we denoted in
what follows by

_ p(m) _ pe(7)
(53) Pi(r) = =5 ;2 (t,7) € D.

The forward rate curve fy(-) could, in principle, be red off from the initially observed EURO

prices

f()(t) = —gtlnpo( ) = —aatlnpo(t),

whereas the estimation of ¢ requires some additional considerations. Assume that we are

given historical EURO-prices

(54) P, (Th)(w), P, (T2)(w), fori=0,...,n

13



at discrete times tg,...,t, € [0,T1] with 0 <ty <t < --- < ¢, for power forwards maturing
at T} < T5 respectively. Adapting ideas from [20] to our context, we may estimate o by the

following procedure:

Lemma 1. For the one—factor model as above and historical data (54), the mazimum likeli-

hood estimator of o2 is given by

—n+4/n?+ 4( Z?;ol bf) ( Z?gol a?)
23015 b7

(55) 72 =

where for i =0,...,n—1 we put

(Ty + To) (tig1 — t;) — (2., — t2)
o "o VAT
In (Pti+1 (Tl)/PtH»l (TQ)) —In (Pti (Tl)/Pti (TQ))

(57) a = T TVt (w).

Proof. To avoid forward prices in MWh, we consider the fraction

(58) pt(Tl)/pt(TQ) = Pt(Tl)/Pt(TQ) for all t € [O,Tl],

whose values at t € {tg,...,t,} are available since the numerator and the denominator on the
right side of (58) are known from (54). The explicit forward price formula (50) is combined
with (58) to obtain

P(T) _ R(T), o 1
= LTy — t) = To(To — 1)) — oW (T — t) — (To — ¢
PTy) P()(Tg)exp( 5 (T (Ty —t) —To(To —t)) — oW, ((Th — t) — (Tr — t)))
Po(T1) o? :
= Ty =TTy + Ty — )+ (T — T .
Po(T3) exp(5t(Te = To)(T1 + Tz — 1) + (T2 = T1)oWy)
Thus, (57) is calculated as a realization sequence (a; = A;(w))}-; of independent random
variables
o (P (T)/Py (T2) — In (P(T1)/ Py (T))
(T = T)Vtiy — L
Ty + To)(tiyr — t;) — (82, — t2 wi —wi
(59) = 02( 1+ 15) (Lt ) A z)+0_ tit1 B0 m—l.

2\/lit1 — ti tiv1 —t;

Here each A; is N(02b;, 0?)-distributed with unknown parameter o2, hence, the logarithmic

likelihood function of Ay,..., A,—1 on the realization (ag,...,an—1) is
1 n—1 o 2b‘ 2
L:0,00[— R, 0%~ —nln(v2r) — n51n02 - ZO W?
1=
and its unique maximum is attained at (55). O

14



Now we turn to the second step estimating the behavior of (Ni).ejo,r)- Since (B)iecpo, 1]
is given by (51), the process (NV; = Btﬁt)te[o,T] is specified by the initial value No= Ny =
Py(0)~1, (being the reciprocal EURO electricity price at time ¢ = 0 for electricity delivered
within [0, A]), and the volatility (vt);cjo,r) in (32). Again, let us consider the simplest case
where a positive parameter v €]0,00[ is chosen to represent the constant and determinis-
tic volatility. Moreover, we introduce a correlation parameter p € [—1,1] to capture the

dependence between p;(7) and N, choosing for (32) the dynamics
(60) AN; = New(pdW} + /1= p2dW?),  Ng:= Py(0)~ %,

where (W2)ieo.7] is a Brownian motion independent from (W}),cp,71- The solution to the
above equation is written as

2
(61) N, = Nyexp(vV; — %t), te[0,T]

with another Brownian motion (V; := pW} + /1 — P2Wt2)te[0,T} . In this settings, we are able
to estimate the volatility v from historical data. However, to obtain an explicit formula, we

restrict ourselves to equidistant—time observations
(62)  Py(I)W), Py(T)w) jei={ie{0,....on—1}:tis —t; = 6}
chosen from (54) for a fixed time step 0 > 0, (¢ is, for example, one day).

Lemma 2. Assume we are given o in the one—factor model (50), and suppose the dynamics

(60) with undetermined v and p. Define

SR+ 110 e+ 076% /242

=2 . _
(63) g = Wik
where for i =0,...,n—1 we put

1 P, (T
(64) c;, = (ti+1 — tz‘)_§ ( In ]I;ZIIE(TI;)(W) - T(ti+1 - ti)
o (T =) = (Th —tin1)® (11— t:)* = (T1 — tir1)”
+o 5 +d; i — 1) )
S n Ptz‘+1(T1) W) — Py, (1) w B 1

(65) di = (1 PtiH(TQ)( ) )T =)

o

— (1 + T)(tir — ti) = (tha — 7))
If g% > % , then the mazimum-likelihood estimator of v based on observations (62) is given
by

252
9 _ 9 09
(66) vt=g 12
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Proof. Suppose have shown that (c;);ec; is a realization sequence

(cj = Cj(w))jes, with (C}) e independent

67
(67) identically N (@1)2, v? + %)fdistributed,

then the logarithmic likelihood function of (Cj)jcs on the realization (c;);es is L(v? + Uigz)

. 252
where we use the variable transform ¢? = v? + % to define

(c; 4+ 28°/% /24 — g\/5/2)?
2g2 ’

— 1
L :]07 OO[_) R, 92 = _|J‘ ln( 27T) - “”5 111(92) - Z
j€J
attaining its unique maximum at g? from (63). If g% — % > 0, then this value will also be
the unique maximum of v? + L(v? + %) on ]0, 00[ showing the assertion.

For later use, we need that a deterministic square integrable function A satisfies

1+1

tit1 -
68 E h(u)dW | W . W)y =h,(W}E . — W} i=0,...,n—1
‘ 0 n 1

where h; = ;"“ h(u)du/(t;+1 — t;) is the average of the function h on [t;,t;+1]. Moreover,

the differences
tit1 tir1
R; = / h(u)dW,} —E(/ h(w)ydWy |We, ..., WLy i=0,...,n—1
ti t;
are centered Gaussian with
(69) E(R?) = ﬁi_i“ |h(u) — hi|*du and (R;, thiﬂ — W)= are independent.

We complete the proof by verifying (67). From (53), we conclude that

P, (T1) P, (Th) N,
70 In — Gt gy P S [ 2 R
(70) Py, (1) P, (T1) Ny, (tiss )

where in view of (52), the first summand on the right gives

ﬁti+1 (Tl)
ﬁti (Tl)

Form (68), calculate the conditional expectation

tit1 1 tit1
(71) In —/ o(Ty — w)d V! — 2/ I0(Th — ) 2du
ti t;

titt Ty — )% — (Th — tis1)?
(72)E(/ o(T1 —uw)dWy | Wh, ... W) = oW}, —Wt{_)( Snl2) ‘ (_1‘ +1)
t; 2(tz+1 t2>

to rewrite (71) as

]/)\t¢+1 (Tl) 1 1 (Tl - ti)z - (Tl - ti+1)2
73 In—/——~ = —c(W;  —-W; —R;
o® (Th = t;)® = (T1 — tiy1)®

2 3
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where R; equals to |, bit1

i, (T — u)dW,} less its conditional expectation (72), ensuring with
(69) that

{Ri,Wt:t+1 - thi, Wt2¢+1 - Wt2¢+1 :1=0,...,n — 1} are independent,

74
(") R; is N (0, %;(ti_i_l — t;)3)—distributed for all i = 0,...,n — 1.

The increment J(Y/thi+ . — W) is obtained by the arguments of (59) as

Pti+1 <T1> 1

B (Th) o?
Pti+1 (TQ) Pti (TQ)

) (T2 =T1) " = S (T4 T2) (tigs — 1) = (1341 — 1)

o(W}

tit1

-W.) = (In

showing that

(75 d; = D;(w where D; := (WL —W}) forall i =0,...,n—1.
tz+1 t;

Combine now (70), (73), and the previous equation to deduce that (c; = C;(w))}=; where

(76) C; = — In (Nii,, /Ni) = Ri 0 t t vw”l — Vi ol

_ = Jti,—t— _ )
Due to (74), Cp,...,Cp_1 are independent and each C; follows Gaussian distribution with
mean v2\/f;11 — t;/2 and variance v? + o%(t;11 — t;)2/12 which shows (67) according to

(5:(ti+1—ti) for all i € J. ]

Given model parameters o €]0,00[ for (50) and v €]0,00[ for (61), we estimate the

unknown correlation p = dW}dV;, from observations (62) using

[T Y e €5d;

(77) pim
VI S es(@ = 28\ 1 Sie, @2
where (d;)!'-; are from (65) and for i =0,...,n — 1
2 Ptv',+1 (Tl)

(W) —r(tiv1 — ;)

(Ty — t:)? — (Ty — ti1)?

v
J— t: —t)— (1
o = gt =) = (5 s
o (T1 — ;)% — (T — ti1)?

d; .
o 6 * A E—
Indeed, (64) and (76) yield

(78) e; = Ei(w) where E; =v(V;,, — V) + R i =0,...,n—1

showing with (75) and (74) that each series (Ej)jcs, (Dj)jes and (E;D;)jes is a sequence

of independent, identically distributed random variables with
E(E?) =v*6+0%0°/12, E(D?)=0%, E(D;E;)=ovps forall je.J.
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Figure 1: The prices for December 2003 and January 2004, denoted by o and e respectively

Thus, for large sample size |J| — oo the estimate (77) converges almost surely towards p by

the strong law of large numbers.

Example Let us estimate the parameters o, v, p from historical market prices. The data
used in this example are publicly available at http://www.eex.de, from the European Energy
Exchange (EEX) in Leipzig, where next to power for physical delivery, financial forward and
future contracts are traded. To find reasonable estimators, it is important to have a sufficiently
long data series. On this account we will consider forward contracts with a monthly delivery
period, which are traded six months before maturity and thus have a reasonable time series.
Within one month, a standardized base load contract supplies an amount of electrical energy

determined by
(24 x Number of days within the delivery month) MWh

with the exception of March (743 MWh) and October (745 MWh). However, for commen-
surability reasons, the prices are listed daily in EURO for 1 MWh of energy delivered as a
constant flow over the corresponding month, being the so—called final settlement price, see
[24], p. 14. Our data are specified as follows: A = one month, 77 = 1st of December 2003,
To = 1st of January 2004. The time set where both forward contracts are traded consists
of 109 daily price pairs as in (54) which are illustrated in Figure 1. The observations start
at 30th of June 2003 and finish at 28th of December 2003. The parameter o2 is estimated

18



using the equation (55) and all observed forward prices P, (T1), P;,(T2), i = 0,...,n. To
estimate other parameters, we took the subset J C {to,...,t,} where for each i € J the time
to the next observation is t;+; —t; = ¢ := 1/365 = one day. This leaves us with |J| = 87
observed price pairs giving an estimation of v? and p according to the formulas (66) and (77)

respectively. The results are summarized in the Table 1.

Parameter | ML Estimate
o 2.063
v 0.5177
p -0.7754

Table 1: Parameter estimates

Now we turn to option valuation. Since the volatilities are deterministic, EURO-prices

for European calls are calculated from (35) with 2 as in (36)

T1
YAt m) = / (| = olra =) = pv” + [oy/1 = p?*)du
t

(79) — g2 (2 — t)?’ —3(72 - 71)3 + 20 (10 — t)2 _2(72 _ 71)2

Given estimated values of ¢, v and p from the Table 1 we calculate the plug—in volatility

+ U2(7'1 - t).

Plug—-in volatility
0.20 0.30 0.40 0.50

I I I I I I
0.0 0.1 0.2 0.3 0.4 0.5

Time to maturity in years

Figure 2: Plug—in volatility 6 — ¢(m1—0, 11, 72) for parameters from Table 1 and 7 = 72 = 0.5

©(t,m1,m) from (79) and (48). Figure 2 illustrates the dependence 6 — (11 — 0,71, 72) of
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this volatility on the time to maturity 6 € [0, 7] for the most interesting case where option’s

expiry date 71 = 0.5 coincides with underlying’s delivery start ™ = 0.5.

5 Appendix

Let us show that if the agent’s endowment is sufficiently large, then a symmetric equilibrium

exist. We use the following notations:

T
1 . .
R:= 7 Z ZRt(e), 7 :=essinf R > —o00
ecEprhys t=1
Proposition 2. Consider an electricity market where the revenues (Ry)i_, fulfill (8) and
agents (x;,U;)1_, satisfy (10) with endowment z €]0, 00 and utility function U .
(i) The mapping

E(U'(e+ R—7)R)
E(U'(e + R—7))

(80) s(+) :]0,00[— R, &+

defines a continuous function s(-) with s(e) > 7 for all € > 0.

(i) If the initial endowment x €]0,00] is sufficiently large in the sense that

(81) x> §I>1f(;(€ + s(e)) — 7,

then there exists a solution s* € R to the equation

Ulx—s+R) =

(82) (E(U’(az—s+f2))R) =s, s €] —oo0,x+T7].

(#3) If (81) is fulfilled and s* solves (82), then define a new probability measure @Q by

(83) 40 = U'(x — s*+ R)

= ~—dP.
E{U'(x —s*+ R))

The price process S*, given by
o~ T ~
(84) Ste)=Eq( Y Rj(e)|R), t=0,....,T, ecé&
j=t+1

satisfies (9) and (S*,9%,...,9%) with 9% from (11) is a symmetric equilibrium.
Proof. (i) For all £ > 0, the random variable U’(¢ + R — 7)R is integrable since

U'(e+ R—7)R| < U'(e)|R).
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Moreover, for each sequence (g;);jen CJ0, 00] converging to € > 0, we have

Jim, Uj+R-7PR=U'(c+R-7R

almost sure dominated by the integrable U’(infjcn e+ R— ?)|§| , which shows the continuity
of the numerator ¢ — E(U’'(c + R — 7)R) in (80). The same arguments apply to show the
continuity of the denominator ¢ — E(U’(c + R — 7)) which is positive since U’ is strictly
positive. This gives the continuity of s(-). To show that s(-) is bounded from below by 7,
we consider U'(e + R —7)/E(U’'(e + R —7)) as density of a new measure and interprete s()
as the expectation of R with respect to this new measure. Then s(¢) > 7 is an immediate
consequence of R>7.

(ii) If x satisfies (81), then there exist ¢y with

(85) x+7—¢eg—s(eg) > 0.

Choosing €1 > 0 with €1 > g¢ and €1 > x, we see that

(86) r+7T—e1—s(e1) <0,

since 7 < s(e1). Now, the intermediate value theorem yields e* €]eg,e1[ such that

(87) r—s(e")=¢c"—T.

~

By definition of the function s(-), we have E(U’(c* + R —7)(R — s(¢*)) = 0 and (87) gives

A~ A~

(88) E(U'(z — s(e*) + R)(R — s(¢*))) = 0.
Set s* = s(e*) to rewrite the identity (88) equivalently as

( U'(z — s* + R)
E(U'(z — s* + R))

(89) R) = s*.

(iii) From (84) which gives (9) where S is replaced by S* we conclude that
1 1 a
S0*,S* ~ S .
(90) X5 =z > Sole) + 7 > Y Ri=2-5+R
ecgphys ecEPhys t=1

where the last equality is obtained from (84) and (89) by verifying

1 A ! ok D -
23 Soe) = B Vle ="+ 8)_pry— g,
2 E(U'(z —s* + R))

We have the strict positivity and with (89) the integrability:
(91) XS ey R—F>e" >0, Eo(Xp"%) =1 < .
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According to the definition (84),

(92) (Lty1:= §£k+1 - 5? + §t+1)tTBl

are (Q-martingale increments, which gives the (Q—martingale property of ()?f S *’ﬁ*)fzo due
to the recursion
)?f_ﬂ’s = )?f’ﬁ’sl + T9t(§t+1 — S+ §t+1), )?g’ﬁ’s =z for all ¥ € A(z,S,U).
Combining this with (91) we deduce
XU = Bo(XET S | F) >0 forall t=0,...,T.
and so the admissibility 9* € A(z,S*,U) of the constant strategy ¢* follows with
EUXE"5)7) < o0

since U(X%""5") > U(e*) is bounded from below.
Let us show that for all ¥ € A(x,S*,U) the wealth ()A(f’ﬁ’s*);f:o is a Q-martingale. Given
¥ € A(z,S*,U), define a bounded 9™ by

M (w) ::{ Dy(w) if [9:(w)] < M

forall t=0,...,7—1
M -sign9y(w) if [9¢(w)] > M

Then for all t =0,...,7 —1 we have the monotone convergence for both the positive and the

negative part as
(93) A}ij{loo(ﬁthH)Jr = (V¢Le1) ", ]\}igloo(ﬂithH)_ = (iLegr)
Moreover, since 9} is bounded and L;y; is a Q-martingale increment, we obtain
(94) 0= EoWLis1) = Eg(0 Lis1)T) — Eg((9Y Liy1)™)  forall M > 0.
Further, )?f’ﬁ’s* + 9Ly = )?fﬁﬁ > 0 implies that (9;Lsy1)” < Atx’ﬁ’s*, hence
(95) WMLy 1) < (L) < X5 forall M > 0.
If th’ﬁ’s* € LY, F,Q), then it follows from (94) and (95) that

EQ((90)" L) ™) = EQ((9) Ley1)™) < Eo(XP™™")  for all M > 0.

and the monotone convergence in (93) ensures that (9;L;1)", (9:Li+1)” € LY(Q,F,Q) and
that the random variables (9 Liy1)*)p=0 and ((9M Li11)7 )0 tend for M — oo to
(9¢Li11)" and (9yLy11)~ respectively in L'(2, F,Q)-sense which shows that

0= lim Eq(9) Li1|F) = EQ(0i Lys1|F).
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Thus, for ¢ € Az, S*,U) we conclude by induction for all ¢ =0,...,7 — 1 that X205 ig

t+1
integrable with respect to @ and satisfies Eg(X; J’rﬁl’s ) |F) = X/ 9,57 giving the (J—martingale
property for ()?f’ﬁ’s*)tho.

Note that for each U from (2), the inverse function J := U’ ! maps ]0,sup,-oU’(2)]

onto |0, 00[ and satisfies the inequality
(96) U(J(b)) > U(a) +b(J(b) — a) for all a €]0,00[, b €]0,sup,-oU’(2)[.

To see that the asset prices S* belong to a symmetric equilibrium, we apply (96) with a :=
)?%’19’5* for arbitrary ¥ € A(z, S$*,U) and b:= U'(z — s* + R). By (90), we are led to

UXE" ) =UJ(U (& — s* + R)) > UXE"5) 4 U' (& — s* + R)(X275 — XEDT,

We now calculate the expectation on both sides of the previous inequality taking (83) into

account:
vx,0* S* vz,9,5* vx,9* S5* vz,9,5* * 5
EUXE"S)) > BUKXE"S) + Bo(X2"S" — XEPSVB(U' (z — s* + R)).
The @ -martingale property yields EQ()/(\'%’W’S* — X’;‘l’ﬂ’s*) = 0, which implies
(97) E(UXZ"S)) > BUXE"S))  for all ¥ € A(z, $*,U)

showing that that for asset prices S* the best strategy is in fact to hold the constant part

1/I of each physical asset and no financial asset positions. O

6 Conclusions

In this paper we purpose a new approach to pricing electricity derivatives. Our considerations
show that taking into account the electricity production process, one justifies the applicability
of efficient martingale methods to pricing arbitrary electricity contracts. Utilizing this concept
for the case of electricity forward market, we are able to benefit from the machinery of interest
rate theory by appropriate change—of-numeraire transformation. An application of this tech-
nique yields explicit formulas for European options written on forward contracts. Moreover,
we show how to calibrate the models on historical prices discussing a one—factor model with
constant forward rate. Even this simple framework exhibits a term structure of the implied
Black—Scholes volatility, described by the notion of plug—in volatility in our settings. We con-
clude that a market participant purchasing European call option written on a power forward
can not rely to sell that contract later on the same Black—Scholes volatility level. Similarly,
an agent procuring electricity options, should keep in mind the impact of time-dependence
from the plug—in volatility on option’s Delta in order to achieve precise hedging strategies.
We hope that the presented contribution will provide a quantitative framework to treat these

and related problems.
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