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Abstract

The dependence between random variables is completely described by their
joint distribution. However, dependence and marginal behavior can be sepa-
rated. The copula of a multivariate distribution can be considered to be the
part describing the dependence structure. Furthermore, strictly increasing
transformations of the underlying random variables result in the transformed
variables having the same copula. Hence copulas are invariant under strictly
increasing transformations of the margins. This provides a way of study-
ing scale-invariant measures of associations and also a starting point for con-
struction of multivariate distributions. Scale-invariant measures of association
such as Kendall’s tau and Spearman’s rho only depend on the copula and are
thus invariant under strictly increasing transformations of the margins, which
means that we can apply arbitrary continuous margins to our chosen copula
leaving among other things the measures of association unchanged.

Tail dependence and Kendall’s tau and Spearman’s rho are presented and
evaluated for a large number of copula families. Among these copula families
are families suitable for modelling extreme events, which are highly relevant
as a basis for risk models in insurance and finance.

The multivariate normal distribution and linear correlation are the basis of
most models used to model dependence. Even though this distribution has a
wide range of dependence it is quite seldom suitable for modelling real world
situations in insurance and finance. We will show that using a model based on
the multivariate normal distribution without knowledge of its limitations can
prove very dangerous. Linear correlation is a natural measure of dependence
in the context of the normal distribution. However, it should be noted that
it is not invariant under strictly increasing transformations of the marginals
and can be misleading as a measure of dependence.

The problem of simulating dependent data arises naturally in Monte Carlo
approaches to risk management. One main aim of this paper is to show
that when addressing this problem knowledge of copulas and copula based
dependence concepts is important, and also the usefulness of copula ideas
in this approach to risk management. Another main aim of this paper is
the construction of multivariate extensions of bivariate copula families. In
particular we focus on multivariate extensions with a flexible and wide range
of dependence for which efficient algorithms for random variate generation are
presented.
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1 Motivation

Consider a portfolio of n financial risks Xi,..., X,. This might be

1. a portfolio of traded financial assets e.g. equities,

2. a credit portfolio of loans to various counterparties,

3. a portfolio of potential insurance losses in various lines of business
or geographical areas.

Suppose that we have n-variate samples from this portfolio and that we want to
examine the distribution of some pay-off function f(Xi,...,X,) representing the
risk of the portfolio or some contract written on the portfolio. In general estimating
a joint distribution describing this portfolio is very difficult and requires a lot of
data. Since estimation of the univariate marginal distributions is well understood,
the following approach may seem natural:

1. Estimate marginal distributions Fi, ... , Fy,,

2. Estimate a matrix of pairwise linear correlations, p;;,

3. Use this information in some Monte Carlo simulation procedure to generate
dependent vectors.

However this approach is in general not good. Even if the matrix of estimated linear
correlations is a proper linear correlation matrix it is possible that the estimated
linear correlations are not consistent with the marginal distributions so that no
corresponding multivariate distribution exists. If a multivariate distribution exists,
it is in general not unique. If instead of linear correlations we use so called rank
correlations, then the problem of consistency with the marginals does not appear.
If moreover the matrix of estimated rank correlations is a proper rank correlation
matrix then there exists a multivariate distribution having this rank correlation ma-
trix and margins FY, ... , F,. However, there is still no unique solution and finding
such a multivariate distribution with certain statistical properties indicated by the
data is often difficult.

Rather than looking simply at correlations we can consider so called copulas,
which are multivariate uniform distributions, to describe dependence. In the case
when marginal distributions Fi,... , F, and an n-copula C' are specified, a unique
multivariate distribution H given by

H(z1,...,2zn) = C(Fi(z1), ..., Folzn))

exists, with marginal distributions Fi,... , F,. Furthermore, given a proper rank
correlation matrix it is often not difficult to find a copula with a parametrization that
gives this rank correlation matrix. The problem of simulating from the multivariate
distribution H is no longer a theoretical problem. The problem is rather finding
efficient simulation techniques for the desired copulas. The general approach is the
following:

. Estimate marginal distributions Fi,... , F,,

. Estimate a matrix of pairwise rank correlations,

. Choose an n-copula C having the wanted rank correlation matrix,

. Simulate a random vector (Us,... ,U,) having joint distribution C,

. Apply the transformations u; — Fi_l(ui) for i =1,...,n to the ith compo-
nent. Then (F; ' (Uy),. .., F;'(U,)) have joint distribution H with margi-
nal distributions Fi,... , F}, and the desired rank correlation matrix.

QU s W N =

This is one example showing that copulas are useful when modelling dependent
risks. More generally, copulas represent the dependence structure of multivariate
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distributions. Hence when modelling dependence, knowledge of copulas is essential.
In this paper we discuss a large number of copula families and suggest efficient
simulation techniques. The results provide a basis for those interested in modelling
dependence in theory and practice.



2 Copulas

2.1 Mathematical Introduction

Definition 1. Let Si, Ss,...S, be nonempty subsets of R, where R denotes the
extended real line [—oo,00]. Let H be a real function of n variables such that
DomH = 57 x Sy x ... x S, and let B = [a,b] be an n-box all of whose vertices
are in DomH. Then the H-volume of B is given by

Vi(B) = sgn(c)H(c), (2.1.1)

where the sum is taken over all vertices ¢ of B, and sgn(c) is given by

sgn(c) = { 1, if ¢4 = ax for an even number of £’s, (2.1.2)

—1, if ¢ = aj for an odd number of k’s.

Equivalently, the H-volume of an n-box B = [a, b] is the nth order difference of
Hon B

Vi (B) = ARH(t) = Abr Abrmt O AD (1),
where we define the n first order differences as

AVH) =H(t, ..o the1, b b1, - o tn) — H(t, oo b1, G byt - 5 tn).

Definition 2. A real function H of n variables is n-increasing if Vi (B) > 0 for all
n-boxes B whose vertices lies in DomH.

Suppose that the domain of a real function H of n variables is given by DomH =
S1 xSy x...x S, where each Sy has a least element a;. We say that H is grounded
if H(t) = 0 for all t in DomH such that ¢ = ax for at least one k. If each Sy is
nonempty and has a greatest element by, then we say that H has margins, and the
one-dimensional margins of H are the functions Hy, given by DomHy, = Sy and

Hy(x) = H(b,... ,bp—1,2,bkt1,... ,by) for all z in Sk. (2.1.3)

Higher dimensional margins are defined by fixing fewer places in H. One-dimensional
margins will be called simply “margins” and for £ > 2 k-dimensional margins will
be called “k-margins”.

Lemma 2.1. Let S1,So,. .., S, be nonempty subsets of R, and let H be a grounded
n-increasing function with domain S1 X So X ... x S,. Then H is nondecreasing in
each argument, that is, if (t1,... ,tk—1,Z,tgt1, ... ,tn) and

(t1yeev s the1,Ystht1s .- ,tn) are in DomH and x <y, then

H(tl, ce ,tk_l,l‘,tk_;,_l, ce ,tn) < H(tl, ce 7tk—1;y7tk+1; ce ,tn).

Lemma 2.2. Let S1,So,...,S, be nonempty subsets of R, and let H be a grounded
n-increasing function with margins whose domain is S1 X Sg X ... X S,. Let x =
(X1,%2,... ,xpn), andy = (Y1, Y2, .. ,Yn) be any points in S1 x S X ... x Sy,. Then

‘H(X) - H(Y)| < Z |H (1) — Hk(yk)"
k=1

For the proof, see Schweizer and Sklar (1983) [15].

Definition 3. An n-dimensional subcopula is a function C’ with the following
properties:
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1. DomC’ = §; x Sy x ... x S,, where each S}, is a subset of I containing
0 and 1;

2. C' is grounded and n-increasing;

3. €’ has margins C},, k =1,2,... ,n, which satisfy
C).(u) = u for all u in Sy.

Note that for every u in DomC”, 0 < C’(u) < 1, so that RanC” is also a subset
of I.

Definition 4. An n-dimensional copula is an n-subcopula C' whose domain is I".

Equivalently, an n-copula is a function C from I" to I with the following prop-
erties:

1. For every u in I",

C(u) = 0 if at least one coordinate of u is 0

and

if all coordinates of u is 1 except uy, then C(u) = uy;
2. For every a and b in I" such that a < b,

Ve([a,b]) > 0.

Note that for any n-copula C', n > 3, each k-margin of C'is a k-copula, 2 < k < n.
The following theorem follows directly from Lemma 2.2.

Theorem 2.1. Let C’' be an n-subcopula. Then for every u and v in DomC’,
n
|C'(v) = C'(u)| < Z |k — . (2.1.4)
k=1
Hence C' is uniformly continuous on its domain.

2.2 Sklar’'s Theorem

Definition 5. An n-dimensional distribution function is a function H with domain
—_-Nn
R such that

1. H is n-increasing,
2. H(t) =0 for all t in R" such that ¢ = —oc for at least one k, and
H(oo,00,...,00) = 1.

Thus H is grounded, and since DomH = En, it follows from Lemma 2.1 that the
margins of an n-dimensional distribution function are distribution functions, which
we will denote Fy, Fs, ..., F,.

Theorem 2.2. Sklar’s theorem in n-dimensions. Let H be an n-dimensional dis-
tribution function with margins Iy, Fa, ..., F,. Then there exists an n-copula C
such that for all x in Rn,

H((El,xg, s 7:Cn) = C(Fl (xl)a F2(x2)7 cee 7Fn(xn)) (221)

If F1,Fs, ..., F, are all continuous, then C is unique; otherwise C is uniquely
determined on RanFy X RanFy X ... x RankF,,. Conversely, if C is an n-copula and
P, Fy, ..., F, are distribution functions, then the function H defined above is an
n-dimensional distribution function with margins Fy, Fo,... | F,.

For the proof, see Sklar (1996) [16].

From Sklar’s theorem we see that for continuous multivariate distributions, the
univariate margins and the multivariate dependence structure can be separated,
and the dependence structure can be represented by a copula.



2.3 The Fréchet-Hoeffding Bounds for Joint Distribution Functions

Definition 6. Let F' be a distribution function. Then the quasi-inverse of F' is any
function F(—1 with domain I such that

1. if ¢ is in RanF, then F(~Y(¢) is any number x in R such that F(z) =t
i.e., for all t in RanF, F(F(=V(t)) = t;

2. if t is not in RanF', then
FEU(t) = inf{z|F(z) >t} = sup{z|F(z) < t}.

If F' is strictly increasing, then the quasi-inverse is the ordinary inverse, which
we denote F~1.

Corollary 2.1. Let H, C, Fy, F5, ... , F, be as in Theorem 2.2, and let

Fl(_l),FQ(_l), e ,Fr(l_l) be quasi-inverses of Iy, Fs, ..., F,, respectively. Then for
any a in I",

Clur,ua, . .. un) = HE T (wy), B (ug), ..., FSD (). (2.2.2)

Example 2.1. Let ® denote the standard univariate normal distribution function
and let ®7 denote the standard multivariate normal distribution function with linear
correlation matrix p. Then

Cur,ug, ... ,up) = @Z(@_l(ul), O Hug), ..., 0 (uy))

is the Gaussian or normal n-copula. This copula is used very often in practice
because it has some nice properties as a member of the family of elliptical copulas,
and as it is easy to simulate from as well as practitioners knowledge of copulas is
quite limited. That the linear correlation matrix is used as parameterization of the
copula is not standard for copulas. The reasons for this follow from results in the
preceding chapters.

2.3 The Fréchet-Hoeffding Bounds for Joint Distribution
Functions

Consider the functions M™, II" and W™ given by

M"™(u) = min(ug,ug,...,u,);
Mu) = wiug...un;
W"(u) = max(u; +us+...+u, —n+1,0).

The functions M™ and II"™ are n-copulas for all n > 2 whereas the function W™ is
not a copula for any n > 2 as shown in the following example.

Example 2.2. Consider the n-cube [1/2,1]™ C I". Because W is symmetric the
W-volume of [1/2,1]" is given by

Vw([1/2,1]") = max(1+...+1—-n+1,0)—
—nmax(l/24+14+...41—-n+1,0)+

+(Z) max(1/2+1/2+1+...+1—n+1,0) -

+max(1/2+...4+1/2—n+1,0) =
= 1-n(1/2)+0+...+0.

Hence, W™ is not a copula for n > 3.

The following theorem is the n-dimensional version of the Fréchet-Hoeffding
bounds inequality.
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Theorem 2.3. If C’ is any n-subcopula, then for every u in DomC’,
W"(u) < C'(u) < M"(u). (2.3.1)

For the proof, see Nelsen (1999) [13].

Although the Fréchet-Hoeffding lower bound W™ is never a copula for n > 2,
the left-hand side in (2.3.1) is the best possible in the sense that for all n > 3 and
any u in I", there is an n-copula C such that C(u) = W"(u).

Theorem 2.4. For any n > 3 and any u in I", there is an n-copula C (which
depends on u) such that

C(u) = W"(u).
For the proof, see Nelsen (1999) [13].

Definition 7. If C; and Cy are copulas, we say that C; is smaller than Cy (or
Cy is larger than C1), and write C; < Cy (or Cy = Cy) if Ci(ug,ug,... u,) <
Co(uy,uz,... ,uy,) for all uy,ug,... ,u, in L

Thus the Fréchet-Hoeffding lower bound W™ is smaller than every n-copula C
and the Fréchet-Hoeffding upper bound M™ is larger than every n-copula C. This
partial ordering of the set of copulas is called a concordance ordering. It is a partial
ordering since not every pair of copulas is comparable. However many important
parametric families of copulas are totally ordered. We call the one-parameter family
{Cg} positively ordered if Cy, < Cp, whenever 6; < 6> and negatively ordered if
Cp, = Cp, whenever 6; < 05.

2.4 Copulas and Random Variables

Let X1,X5,...,X, be continuous random variables with distribution functions
Py, Fs, ..., F,, respectively, and joint distribution function H. Then we say that
X1, Xs, ..., X, have copula C, where C is given by (2.2.1).

Theorem 2.5. Let X1, Xs,..., X, be continuous random variables with copula C.
Then X1, Xo, ..., X, are independent if and only if C' = I1".

One nice property of copulas is that for strictly monotone transformations of
the random variables copulas are either invariant, or change in certain simple ways.
Note that if the distribution function of a random variable X is continuous, and if «
is a strictly monotone function whose domain contains RanX, then the distribution
function of the random variable a(X) is also continuous.

Theorem 2.6. Let X1, X5, ..., X, be continuous random variables with copula C.
If a1, ag, ... ,ayn are strictly increasing on RanXq, RanXo, ... , RanX,, respectively,
then a1 (X1), a2(X2), ..., an(Xy) have copula C. Thus C is invariant under strictly
increasing transformations of X1, Xo, ..., X,.

Proof. Let Fy, Fs, ..., F, denote the distribution functions of X;, Xo,..., X, re-
spectively, and let G1,Ga,...,G, denote the distribution functions of a;(X7),
as(Xsa), ... ,an(X,) respectively. Let X7, Xs,...,X, have copula C, and let
a1(X1), ae(X2), ..., a,(X,) have copula C,. Since qy is strictly increasing for
each k, Gi(z) = Playg(Xy) < z] = P[X}y < o) '(2)] = Fi(a;, '(z)) for any = in R.

C&(Gl(xl)w" ,Gn($n)) = P[al(Xl) le"" ’a"(Xn) an]
= PX; <ayt(@),... . Xn < oy (z0)]

= C(Fi(ag ! (21)), .., Fu(ag " (2n)))
= C(Gl(xl)v 7Gn(xn))
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Since X1, Xo, ..., X, are continuous, RanG; = RanG5 = ... = RanG,, = I. Hence
it follows that C, = C in I". [l

From Sklar’s theorem we know that the copula function, C, separates an n-
dimensional distribution function from its univariate margins. The next theorem
will show that there is also a function, C , that separates an n-dimensional survival
function from its univariate survival margins. Furthermore this function can be
shown to be a copula, and this survival copula can quite easily be expressed in
terms of C' and its k-margins.

Theorem 2.7. Let X1, Xs,...,X, be continuous random wvariables with copula
Cxy.Xo,... X, Letai,ag, ... oy be strictly monotone on RanX;, RanXs,... , RanX,,
respectively, and let aq(X1), a2(Xa), ..., an(X,) have copula

Coy(X1),a0(Xa),.. san(X,)- Furthermore let oy be strictly decreasing for some k, where

1 <k <n. Without loss of generality let k = 1. Then

Cor (X1),00(Xa),eesam (X)) (U1, U2,y oo Up) =
COQ(Xz),m ,Otn(Xn)(UQ? ce ,’U,n) -
Cx, an(Xa),oan (Xn) (L = U1, U2, . ooy Up).

Proof. Let Xq,...,X, have margins Fi,... ,F, and let a1(X1),...,a,(X,) have
margins G1,... ,G,. Then

Coi(X1),00(X2)ssan (X)) (G1(71), ..., Gr(n)) =
= Ploa(X1) <1, 00 (Xy) < 2]

P[X1 > oy (21), 00(Xa) < @ay .oy an(Xn) < 2]
{P[A°N B] =P[B] — P[AN B]}
= Plag(X2) < za,...,00(Xy) < zy,] —

PIX; < a;'(z1),02(X2) < xa, ... o0 (Xy) < 2]
= Coy(Xa),san(x0)(Ga(22), ... ,Gr(zn)) —

Cx, as(X2)n sam (X)) (F1 (afl(xl), Ga(x2),... ,Gn(zy))
= {Gi(x) = Plaa(X1) < o] = B[X; > a7 (@) = 1 - Fi(ar (@)}
= Coy(Xa), an(x0)(Ga(22), ... ,Gn(zn)) —

Oy 02(Xa).an (X)) (1= G1(21), Ga(22), - -, G (wn)),

from which the conclusion follows directly. O

By using the result of the two theorems above recursively it is clear that the copula
Car(X1),02(Xa2),... ,an(X,) Can be expressed in terms of the copula Cx, x,,... x,. This
is done in the following example.

Example 2.3. Consider the bivariate case.
Let o be strictly decreasing and let aig be strictly increasing. Then

Coy(X1),a0(X) (U1,u2) = ug = COx, ay(xy) (1 — ur,u2)
= uz — Cx; x,(1 —uy,u2).

Let a; and «s be strictly decreasing. Then
Coy(x1),00(x2) (U1, u2) = U2 = Cxya,(x,) (1 — u1,u2)

= Uz — (1 — Uz _CXl,Xz(]- —ul,l—u2))
= 7.L1+UQ—1+CX1’X2(1—U1,].—U2).
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Here Cy, (x,),a2(x.) i the survival copula, C, of X1 and X, i.c.,

H(zy,20) = P[X) > 21, X5 > a3] = C(Fy (1), Fa(2)).

Consider the trivariate case.
Let a1, as and ag be strictly decreasing. Then

Cor(X1),00(X2),a8(Xs) (U1, U2, U3) =
= Cay(Xa)ias(Xs) (U2, U3) — O, ay(Xa)0s(Xs) (1 — U1, u2, u3)
=u+us+us—2+Cx, x,(1 —ui,1 —ug) + Cx, x,(1 —u1,1 —ug)
+Cx, x5 (1 —u2, 1 —u3) — Cx, xp, x5 (1 — w1, 1 —ug, 1 — ug).

Here Cy, (x,),a2(X2),as(X3) 18 the survival copula of X7, Xo, X3.

Note also that the joint survival function of n uniform (0, 1) random variables
whose joint distribution function is the copula C' is

Clur, g, ... s up) =C(L—up, 1 —ug, ..., 1 —uy).

Although most results could be presented without needing measure theory,
there are results in the remaining sections that are best presented and under-
stood using some terminology and results from measure theory. Each joint dis-
tribution H induces a probability measure on R™ via Vi ((—o0,z1] X (—00, z9] X

X (—00,2,]) = H(x1,x2,... ,2,). Since copulas are joint distribution functions,
each copula induces a probability measure on I via Vo ([0, u1] X [0, ug] . . . X [0, up]) =
C(u1,uz,...,u,). Hence, at an intuitive level, the C-measure of a subset of I" is
the probability that n uniform (0,1) random variables with joint distribution C
assume values in that subset.

For any copula C, let

C(uy,ugy ... ,up) = Ac(ur, gy ... ,un) + Sc(ur, ug, ... ,up),
where
Ac(ut, ... uy) = / / 8u1 C(ul,... JUp)dsy ... dsy,
Sc(uty ... un) = Cur,... up) — Ac(ul,... ,Un).

Unlike multivariate distributions in general, the margins of a copula are continuous,
hence a copula has no individual points in I whose C-measure is positive.
If C = A¢ on I" then C is said to be absolutely continuous. In this case C has
density ﬁC(ul, cee sy Up)-
If C = Sc on I" then C is said to be singular, and 78%0(711, ceyy) =0
almost everywhere in I™.

The support of a copula is the complement of the union of all open subsets of
I"™ with C-measure 0. When the support of a copula C is I", it is said to have “full
support”. When C is singular its support has Lebesgue measure zero and conversely.
However a copula can have full support without being absolutely continuous.

Example 2.4. Consider the bivariate Fréchet-Hoeffding upper bound M. Since
%M (u,v) = 0 everywhere on I? except on the main diagonal (which has Lebesgue
measure zero), and the M-measure of every rectangle in I? entirely above or below
the main diagonal is zero, M is singular. The support of M is the main diagonal of
I? as shown in figure 2.1.

Similarly the support of the bivariate Fréchet-Hoeffding lower bound W is the sec-
ondary diagonal of I? as shown in figure 2.1.
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Figure 2.1: The support of the Fréchet-Hoeffding upper and lower bounds.

One of the main aims of this paper is to present effective algorithms for random
variate generation from the various copula families studied. The properties of the
specific copula family is often essential for the efficiency of the corresponding al-
gorithm. We now present a general algorithm for random variate generation from
copulas. However it is in most cases not a suitable one to use.

Consider the general situation of random variate generation from the n-copula
C. Let

Cr(ug, ... ,up) =C(ug,... ug,1,...,1), k=2,...,n—1

denote k-margins of C(uq, ... ,uy). Furthermore Cq(u1) = w1 and

Cr(ug, ... up) =C(ug,...,uy). Let (Uy,...,U,) have joint distribution function
C. Then the conditional distribution of Uy given the values of the first k — 1
components of (Uy,...,U,) is given by

Ck(uk|u1,... ,’u,kfl) = P[Uk S uk|U1 = Upy... ,U}C,1 = uk,l]
8k*10k(u1,... ,uk)/(‘)’“*le_l(ul,... ,uk_l)
8u1...8uk,1 '

8u1 PN 8114]@,1

Note that since the increasing functions of one variable given by u; — C(u) for
j=1,...,n are differentiable almost everywhere, the first order partial derivatives
exists for almost all (uq, ... ,u,) in I". The following algorithm generates a random
variate (ug, ..., u,) from C(uy,...,up):

Algorithm 1.

e Simulate a value u; from U(0,1),
e Simulate a value us from Ca(us|uq),
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e Simulate a value u,, from Cy,(up|u1,... ,un—1).

The correctness of the algorithm follows from the fact that for independent
random U(0, 1) variables Q1, ... ,Qn,

(@1, C3 1 (Q21Q1), ., (QnlQ1, O3 1 (Q2]Q1), . )

has joint distribution function C.

To simulate a value from Cy (ug|u1, ... ,ur—1) in general means simulating ¢ from
U(0,1) from which uy = C} '(g|us,... ,ux—1) can be obtained from the equation
q = Cr(ug|us, ... ,ug—1) by numeric rootfinding. However we will present situations
where C’,;l(-|u1, ... uk—1) exists in closed form and hence there is no need for
numeric rootfinding. In these situation this algorithm can be recommended. We
will refer to this method as the conditional method for random variate generation.

Example 2.5. Consider the bivariate copula family given by

Clu,v) = (u +0v7 0 —1)~/? (2.4.1)
for 6 > 0.
Oololn) = O u0) = —g (u 1) ()
—1—0 —1—-0

= W)W o )T = (L 1)

Solving the equation ¢ = Ca(v|u) for v yields

_o —-1/6
Gy Malw) =v = (7 = u?+1) "

Thus the following algorithm generates a random variate from the copula given by
(2.4.1).

e Generate a value u from U(0, 1),
e Generate a value ¢ from U(0, 1),

Set v = ((q% —Du? +1)71/9,

(u,v) is the desired random variate.

10



3 Dependence

Since the dependence structure among random variables is represented by copu-
las it provides a natural way to study and measure dependence and association
between random variables. Many of these properties and measures are invariant
under strictly increasing transforms (as a direct consequence of Theorem 2.6). Lin-
ear correlation (or Pearson’s correlation) is often used in practice as a measure of
dependence. However since linear correlation is not a copula based dependence
measure, it is often quite misleading and should not be taken as the canonical de-
pendence measure.

We begin by presenting linear correlation, and then we continue with some copula
based measures of dependence.

3.1 Linear Correlation

Definition 8. Let X and Y be two real valued random variables with finite vari-
ances. The linear correlation coefficient between X and Y is

Cov(X,Y)
VVar(X)/Var(Y)’

where Cov(X,Y) = E(XY) — E(X)E(Y) is the covariance between X and Y, and
Var(X),Var(Y) denotes the variances of X and Y.

(X, Y) =

Linear correlation is a measure of linear dependence. In the case of perfect
linear dependence, i.e., Y = aX + b almost surely for a € R\{0},b € R, we have
pi(X,Y) = £1. Otherwise, —1 < p;(X,Y) < 1. Furthermore linear correlation has
the property that

pr(aX + B,7Y +6) = sgn(ay)p(X,Y),

for a,y € R\{0},5,6 € R. Hence linear correlation is invariant under strictly
increasing linear transformations.

Linear correlation is easily manipulated under linear operations. Let A, B €
R™*": q. b € R™ and let X,Y be random n-vectors. Then

Cov(AX + a, BY 4+ b) = ACov(X,Y)B”.
From this it follows that for a € R™,
Var(a?X) = o Cov(X, X)a,

and hence the variance of a linear combination is fully determined by pairwise
covariances between the components.

Linear correlation is a popular but also often misunderstood measure of depen-
dence. Two reasons for the popularity of linear correlation is that it is often easy
to calculate and it is a natural measure of dependence in elliptical distributions
(with often used members such as the multivariate normal and the multivariate
t-distribution). However often things are not elliptically distributed and using lin-
ear correlation as a measure of dependence in such situations might prove very
misleading.

Even in the world of elliptical distributions there are situations where using
linear correlation does not make sense. We might choose to model some scenario
using heavy-tailed distributions such as t-distributions for low degrees of freedom.
In such cases the linear correlation may not even be defined because of infinite
second order moments.

11



3 Dependence

3.2 Perfect Dependence
For every n-copula C' we know from the Fréchet-Hoeffding inequality that

W™(ug,ug,y ... un) < Cur,ug, ... ty) < M™(ur,ug, ..., uy).

Furthermore, for n = 2 the upper and lower bounds are themselves copulas and we
have seen that W and M are the bivariate distributions functions of the random
vectors (U,1—U) and (U, U) respectively where U is uniform (0,1). In this case we
say that W describes perfect negative dependence and M describes perfect positive
dependence.

Theorem 3.1. Let (X,Y) have one of the copulas W or M. Then there exists two
monotonic functions o, 3 : R — R and a real-valued random variable Z so that

(X,Y) =a ((2),8(2)),

with o increasing and 3 decreasing in the former case and both « and [ increasing
in the latter case. The converse of this result is also true.

For the proof, see Embrechts, McNeil and Straumann (1999) [3].

Definition 9. If (X,Y’) has the copula M then X and Y are said to be comono-
tonic; if it has the copula W they are said to be countermonotonic.

Note that if any of F} and F; (the distribution functions of X and Y respectively)
have discontinuities so that the copula is not unique, then W and M are possible
copulas.

In the case of F} and F5 being continuous a stronger version of the result can
be stated:

C=W & Y=T(X)as.,T=F;"0(l—F) decreasing,
C=M & Y=T(X)as., T=F,"oF increasing.

3.3 Concordance

Let (z;,y;) and (xj,y;) be two observations from a random vector (X,Y") of contin-
uous random variables. We say that (z;,y;) and (z;,y;) are concordant if z; < z;
and y; < yj;, or if x; > x; and y; > y;. Similarly we say that (x;,y;) and (x;,y,) are
discordant if z; < x; and y; > y;, or if ; > x; and y; < y;. This can be formulated
shorter: (z;,y;) and (z;,y;) are concordant if (z; —xz;)(y; —y;) > 0, and discordant
if (x5 — ;) (yi —y;) <O.

3.3.1 Kendall’s tau

The sample version of the measure of association known as Kendall’s tau is defined
in terms of concordance as follows: Let {(x1,v1), (2,92),...,(Zn,yn)} denote a
sample of n observations from a random vector (X,Y") of continuous random vari-
ables. Each of the (%) distinct pairs (z;, ;) and (z;,y;) of observations in the sample
is either concordant or discordant. Let ¢ and d denote the number of concordant
and discordant pairs respectively. Then Kendall’s tau for the sample is

()

The population version of Kendall’s tau (simply denoted Kendall’s tau) for continu-
ous random variables is defined similarly. Let (X1,Y7) and (X2, Y2) be independent

12



3.3 Concordance

and identically distributed random vectors, each with joint distribution function H.
Then

T=TX)Yy = ]P[(Xl — XQ)(Yl — Yé) > 0] — ]P[(Xl — XQ)(Yl — Yé) < 0] (331)

Theorem 3.2. Let (X1,Y1) and (X2,Y2) be independent vectors of continuous ran-
dom wvariables with joint distribution functions Hi and Has, respectively, with com-
mon margins F' (of X1 and X2) and G (of Y1 and Y3). Let Cy and Coy denote the
copulas of (X1,Y1) and (X2,Y3), respectively, so that Hi(x,y) = C1(F(x),G(y))
and Hy(x,y) = Co(F(x),G(y)). Let Q denote the difference between the probability
of concordance and discordance of (X1,Y1) and (X2,Y2), i.e., let

Q =P[(X1 — X2)(Y1 = ¥2) > 0] = P[(X1 — X»)(Y1 — ¥2) <0]. (3.3.2)

Then
Q= Q(Ch,Cy) = 4/ i, v) dCh (u, v) — 1. (3.3.3)
I?

Proof. Since the random variables are continuous, P[(X; — X2)(Y1 — Y2) < 0] =
—P[(X1 — X2)(Y1 — Y2) > 0] and hence

Q =2P[(X; — X2)(Y1 — Y2) > 0] — L. (3.34)
But P[(X; — X2)(Y1 — Y2) > 0] = P[X; > X2, Y1 > Yo + P[X; < X3,Y7 < Y3, and
these probabilities can be evaluated by integrating over the distribution of one of
the vectors (X1, Y1) or (Xa,Ys), say (X1,Y7). First we have
P[X1>X2,Y1>Yé] = X2<X1,1/2<Y1]

=[] PiXe <o ¥ < 5l aCu(F@).G)
=[] cutP@.cw)ac(Pa).6w),
so that employing the probability transforms u = F(z) and v = G(y) yields
PX: > X5, Y1 > Y] = /12 Ca(u,v) dCq (u,v).

Similarly,
X1 < XQ,Yl < }6]
// PIX> > 2,Y> > ] dC1 (F(x), G(y))
]RZ

J[ 1= @) - 6 + Calr @), Gl e (F). G)
//12[1 —u— v+ Cy(u,v)] dC1 (u, v).

But since C; is the joint distribution function of a pair (U, V) of uniform (0,1)
random variables, E(U) = E(V) = 1/2, and hence

1—1—1—1—/ Ca(u,v)dCy (u,v),
12

]P[Xl < XQ,Yl < YQ] 5 5

/ - Ca(u,v) dCq (u,v).

13



3 Dependence

Thus

P[(X: — X2)(Y1 —Y2) > 0] = 2/ - Ca(u,v) dCq (u,v),

and the conclusion follows. O

Corollary 3.1. Let C1, Cs, and Q be as given in Theorem 3.2. Then

1. Q is symmetric in its arguments: Q(C1,C2) = Q(Ca,Ch).

2. Q is nondecreasing in each argument: if C1 < C] and Cy < CY
for all (u,v) in I, then Q(C1,Ca) < Q(C},C5).

8. Copulas can be replaced by survival copulas in Q, i.e.,

Q(C1,C2) = Q(Ch,Cy).

Example 3.1. Because the support of M and W is just the first and second main
diagonal of I, the function Q can easily be evaluated for pairs of the basic copulas
W, M and II.

If g is integrable function whose domain is I?, then

ISz 9(u,v) dM (u, v) = fo (u,u) du,
[] 2 9(u,v) AW (u,v) = fo (u, 1 —u)du,
[J 2 9(u,v) dlI(u,v) = [[1 g(u,v) dudo.
From this it follows that

Q(M, M) =1,
Q(M,1I) = 1/3,
QIM, W) =0,
QW) = —1/3,
QW, W) =-1,
QILI) =0

The last equation follows from the fact dII(u,v) = dudv. From Corollary 3.1 and
the values of @) above it follows that for an arbitrary copula C

Q(CaM) € [Oal]a Q(va) € [_]-ao]a Q(C,H) € [_1/3a1/3]
Theorem 3.3. Let X and Y be continuous random wvariables whose copula is C.
Then Kendall’s tau for X and Y (denoted Txy or 1¢) is given by
xy =7c =Q(C,C) = 4/ C(u,v)dC(u,v) — 1. (3.3.5)
I2
Note that the integral in (3.3.5) is the expected value of the function C(U,V)
of uniform (0, 1) random variables with joint distribution function C), i.e.,

o = AE(C(U,V)) — 1 (3.3.6)

3.3.2 Spearman’s rho

Let (X1,Y1), (X2,Y2) and (X3,Y3) be three independent random vectors with com-
mon joint distribution function H, whose margins are F' and G, and copula C.
Then Spearman’s rho is defined as

p=pxy =3(P[(X1 - Xo)(Y1 - ¥3) > 0] - P[(X1 — Xo)(V1 — ¥3) <0]) (3.3.7)

Note that the joint distribution of (X,Y7) is H(x,y) and the joint distribution of
(X2,Y3) is F(x)G(y). Thus the copula of X5 and Y3 is II. Using Theorem 3.2 and
first part of Corollary 3.1 we get

14



3.3 Concordance

Theorem 3.4. Let X and Y be continuous random variables whose copula is C.
Then Spearman’s rho for X andY (denoted pxy or pc) is given by

PXY = pPc = 3@(071_[ 5

) (3.3.8)
= 12 /12 wvdC(u,v) — 3, (3.3.9)

= 12 //12 C(u,v)dudv — 3. (3.3.10)

Note that the integral in (3.3.9) is just the expected value of the product of two
uniform (0, 1) random variables U and V whose joint distribution is the copula C.
Thus

12// wodC(u,v) —3=12E(U,V) -3
12

E(UV)—-1/4 EUV)-EU)E(V)
1/12 - \/Var(U)\/Var(V)'

XY = pPC

If z and y are observations from random variables X and Y with distribution
functions F' and G, respectively, then the “grades” (called ranks for the sample
analogue) of z and y are given by v = F(x) and v = G(y). Note the the grades are
observations from the uniform (0,1) random variables U = F(X) and V = G(Y)
whose joint distribution function is the copula C. Hence we have (let p; denote the
linear correlation coefficient)

pxy = pi(F(X),G(Y))

This also provides an easy way to approximatively calculate px y given a sample
from (X,Y) and the margins.

Definition 10. A numeric measure x of association between two continuous ran-
dom variables X and Y whose copula is C' is a measure of concordance if it satisfies
the following properties (we use kx y or k¢ when convenient):

k is defined for every pair X,Y of continuous random variables;
—1<kxy <1l kxx=1land kx _x = —1;

KX,y = KY,X;

if X and Y are independent, then kxy = kg = 0;

K-X)Y = KX,-Y = —KXY}

if C1 and Cy are copulas such that Cy < Coq, then ko, < keoy;

If {(X,,Y,)} is a sequence of continuous random variables with copulas
Cp, and if {C,} converges pointwise to C, then lim, o k¢, = ke

N otk e

Theorem 3.5. Let k be a measure of concordance for continuous random variables
X and Y.

1. if Y is almost surely an increasing function of X, then kxy = ky = 1;
2. if Y is almost surely a decreasing function of X, then kxy = kw = —1;
3. if a and B are almost surely strictly increasing functions on RanX

and RanY , respectively, then ko (x) ay) = KX, -

In the next theorem we will see that Kendall’s tau and Spearman’s rho are
concordance measures according to the above definition.

Theorem 3.6. If X and Y are continuous random variables whose copula is C,
then Kendall’s tau and Spearman’s rho satisfy the properties in Definition 10 for a
measure of concordance.

15



3 Dependence

Proof. For both Kendall’s tau and Spearman’s rho the first six properties in Defi-
nition 10 follows from properties of ) in Theorem 3.2, Corollary 3.1. and Example
2.1. For the seventh property the Lipschitz condition (2.1.4) implies that any family
of copulas is equicontinuous, from which it follows that the convergence of {C,,} to
C' is uniform. O

Example 3.2. It follows from the third part of Theorem 3.5 that Kendall’s tau
and Spearman’s rho of the random variables X and Y is invariant under strictly
increasing transforms of X and Y. Does this property also hold for linear correla-
tion? If not then linear correlation can not be a measure of concordance.

Let X and Y be standard exponential random variables with copula C, where C' is
a member of the Farlie-Gumbel-Morgenstern family, i.e., C' is given by

C(u,v) = Cy(u,v) = uv + uv(l —u)(1 — v),
For some 6 in [—1, 1], and the joint distribution function H of X and Y is given by
H(z,y)=C(l—e " 1—¢e7Y).
Let p; denote the linear correlation coefficient. Then
E(XY) - E(X)E(Y)

VVar(X)/Var(Y

/ / vy dH (z,y)
/ / a:y —z— y+96—2x 2y 96—2x y( y)

e (1l —e ") +0(1l—e ") (1—eY)e V) dxdy
0

= 14+-.
+4

Hence p;(X,Y) =6/4. But

(X,Y) = — E(XY) -

where

E(XY)

p(l—e X 1-e") =
= 12/ C(u,v)dudv —3
12

_ 12//12(uv+9uv(1 — w1 — o)) dudv —3

0

— 124
N 4 36

— 9/3.

)3

Hence p;(X,Y) is not invariant under strictly increasing transforms of X and Y
from which follows that linear correlation is not a measure of concordance.

Although the properties of a measure of concordance are nice properties there
are some additional properties that would make a measure of association satisfying
those even more useful. From Theorem 3.5 we know that for a pair of random
variables (X,Y") with copula C

C = M - TC =pc = 1,

C = W = 71o=pc=-1,
but does the converse hold? The following theorem states that Kendall’s tau and
Spearman’s rho satisfy some additional properties.
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3.4 Tail Dependence

Theorem 3.7. Let X and Y be continuous random wvariables with copula C, and
let § denote Kendall’s tau or Spearman’s rho. Then the following are true:

I(X,Y)=46(Y,X)
If X and Y are independent, then 6(X,Y) = 0.
-1<46(X,Y)<1
If T is strictly monotone on RanX, then
[ dX)Y), T increasing,
HT(X),Y) = { —0(X,Y), T decreasing.
5 8(X,Y)=1 &= C=M
6. (X,)Y)=-1 = C=W

o~

Here

1., 2., and 3. follows directly from the fact that ¢ is a measure of
concordance,

4. follows from the fact that § can be expressed in term of the copula
of T(X) and Y which is given by Cp(x)y (u,v) = Cx,y (u,v) when
T is strictly increasing and Cp(x)y (u,v) = v — Cxy (1 — u,v)
when T is strictly decreasing.

5. and 6. See Embrechts, McNeil and Straumann (1999) [3].

From the definitions of Kendall’s tau and Spearman’s rho it follows that both are
increasing functions of the value of the copula under consideration. Thus Kendall’s
tau and Spearman’s rho are increasing with respect to the concordance ordering
given in Definition 7.

For measures of association such as Kendall’s tau or Spearman’s rho all correla-
tion values in the interval [—1, 1] can be obtained by a suitable choice of the copula,
since these measures are expressed in terms of copulas. This is however not the
case with linear correlation. This is shown in the following illustrative example by
Embrechts, McNeil and Straumann (1999) [3].

Example 3.3. Let X ~ Lognormal(0,1) and Y ~ Lognormal(0,0?),s > 0. Then
pmin = p(eZ,e77%) and ppax = p(e?,e7%), where Z ~ N(0,1). From this ppi, and
Pmax can be calculated analytically, yielding:

e 7—-1 e —1

o W ML N s W |

from which follows that lim,_, oo pmin = liMe— o0 Pmax = 0. Hence the linear corre-
lation can be almost zero, even though X and Y are comonotonic or countermono-
tonic.

Kendall’s tau and Spearman’s rho are measures of association between two ran-
dom variables. However the extension to higher dimensions is obvious, we simply
write pairwise correlations in an n x n-matrix in the same way as is done for linear
correlation.

3.4 Tail Dependence

The concept of tail dependence relates to the amount of dependence in the upper-
quadrant tail or lower-quadrant tail of a bivariate distribution. It is a concept that
is relevant to dependence in extreme values. Furthermore, tail dependence between
two random variables X and Y is a copula property and hence the amount of tail
dependence is invariant under strictly increasing transformations of X and Y.
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3 Dependence

Definition 11. Let X and Y be continuous random variables with distribution
functions F; and F5. The coefficient of upper tail dependence of X and Y is

lim P[Y > Fy, ' (u)|X > Fyl(u)] = \v

u—1—

provided that the limit Ay € [0, 1] exists. If Ay € (0,1], X and Y are said to be
asymptotically dependent in the upper tail; if Ay = 0, X and Y are said to be
asymptotically independent in the upper tail.

An alternative and equivalent definition from which it is seen that the concept
of tail dependence is indeed a copula property is the following.

Definition 12. If a bivariate copula C' is such that

lim C(u,u)/(1—u) =\

u—1—

exists, then C' has upper tail dependence if Ay € (0, 1], and no upper tail dependence
if \y =0. Cu,u) =1—-2u+ C(u,u).

Example 3.4. Consider the bivariate Gumbel family of copulas
Co(u,v) = exp(=[(= Inw)’ + (= lnw)’]"/),

for 6 > 1. Then

Clu,u)  1—2u+C(u,u)
1—u 1—u
1= 2u + exp(2'/? In u)
N 1—u
_ 1—2u+u21/9
N 1—u ’

and here ’'Hospitals rule can be applied yielding

lim C'(u,u)/(1—u) 2 — lim 21/%42"'~1

u—1— u—1—

= 229

Thus for # > 1, Cy has upper tail dependence.

For copulas without a simple closed form, such as the Gaussian family of copulas
with bivariate copulas given by

~1(w) ~1(y)
(w.) / / 1 exp{ 2pst+t S st 1y

21 1—

where —1 < p < 1 and @ is the univariate standard normal distribution function, an
alternative formula for Ay is more useful. Consider a pair of uniform (0, 1) random
variables (U, V') with copula C. First note that

0
< = = —
PV <v|U = uj 8uC(u,v),
and

PV >o|lU =u]=1- 3C’(u,v),

ou

18



3.4 Tail Dependence

and similarly when conditioning on V. Then

Au = 1ir{17 Clu,u)/(1—u)
B . dCO(u,u)
B uligl— du
. 0 0
= = Jim (=24 22Cls,0)| _,_, + 5,00, 0] )

1ir{17(P[V > ulU =u] + P[U > u|V = ul).

Furthermore if C' is a exchangeable copula, i.e. C(u,v) = C(v,u), then the expres-
sion for Ay simplifies into

Au =2 111{1 PV > u|U = u).
u—1—

Example 3.5. Let X and Y have the bivariate standard normal distribution func-
tion with correlation parameter p. That is (X,Y) ~ C(®(z), ®(y)), where C is
a member of the Gaussian family given above. Since copulas in this family are
exchangeable

Ay =2 1ir{17P[V > u|lU = ul,

and because ® is a distribution function with infinite right endpoint

lim P[V >ulU =u] = lim P[@ (V) > 2|® 1 (U) = 2]
= lim P[X > z|Y = z].

Using the well known fact that Y|X = 2 ~ A(px,1 — p?) we obtain
o= 2 Tim B((z — pa)/(1— p?)
= 2 lim ®(z\/1+p/\/1—p),
r—00

from which it follows that Ay = 0 for p < 1. Hence the Gaussian copula C' does
not have upper tail dependence.

Quite naturally, the concept of lower tail dependence can be defined in a similar
way. If

ulir(r)lJrC(u,u)/u =L (3.4.1)

exists, C has lower tail dependence if A;, € (0, 1], and no lower tail dependence if
AL =0.

For copulas without a simple closed form an alternative formula for Aj is more
useful. Consider a pair of random variables (U, V') with copula C. Then

AL = ulir&_C(u,u)/u
—  lim dC(u,u)
u—0+  du
= lim 2C’(s,t)‘ +20(5,t)|5:t:u)

0+(5‘s s=t=u = gt
(PlV <u|U =u] +PlU < u|V =ul).

lim
u—0+
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3 Dependence

Furthermore if C is a exchangeable copula, i.e. C(u,v) = C(v,u), then the expres-
sion for Ay, simplifies into

Ar =2 lim PV < u|U = u.
u—0+

Recall that the survival copula of two random variables with copula C' is given by

Clu,v) =u+v—14+C(1l—u,1—v),

and the joint survival function for two uniform (0, 1) variables whose joint distribu-
tion function is C is given by

Clu,v) =1—u—v+Cu,v) =C(1—u,1—0v).

Hence it follows that

lim Clu,u)/(1—u) = lim Cl—u,1—u)/(1—u)

so the coefficient of upper tail dependence of C'is the coefficient of lower tail de-
pendence of C'. Similarly

= lim (1-2u+Cu,u)/(1-u)
= lim Cu,u)/(1- ),

so the coefficient of lower tail dependence of C' is the coefficient of upper tail de-
pendence of C.
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4 Techniques for Construction of Multivariate
Copulas

There are many ways of constructing copulas. One natural approach is to start with
constructing families of 2-copulas with certain nice properties. These properties can
be statistical properties or just nice mathematical properties. Once this is done the
next natural step is trying to find a multivariate extension. A multivariate family
of copulas is an extension of a bivariate family if: (1) all bivariate margins of the
multivariate copula are in the given bivariate family; (2) all multivariate margins
of order 3 to n — 1 have the same multivariate forms. The problem of finding mul-
tivariate extensions of bivariate copula families is not trivial. It is quite common
that bivariate copulas does not have a natural multivariate extension and if they
have such the resulting dependence structure is often quite limited.

4.1 The Farlie-Gumbel-Morgenstern Family

A nice mathematical property of a copula family could be that the copula expression
is given by low degree polynomials in the arguments v and v. Lets consider copulas
of the form

C(u,v) = a(v)u? + b(v)u + c(v),
for some functions a, b, and c¢. The boundary conditions for copulas give
C(0,v) =0 = c(v) and C(1,v) =v = a(v) + b(v).
Let a(v) = =¥ (v), then b(v) = v —a(v) = v+ ¥(v), and
C(u,v) = uwv + ¥(v)u(l —u) (4.1.1)

where ¥ is chosen so that C is 2-increasing and ¥(0) = ¥(1) = 0 so that C(u,0) =0
and C(u,1) = u.

Theorem 4.1. Let ¥ be a function with domain I and let C be given by (4.1.1) for
u,v in I. Then C is a copula if and only if:

1. ¥(0)=9(1) =0,
2. W(v) satisfies the Lipschitz condition
| W (v2) — U (v1)| < ‘1)2 - vl‘
for all vi,v9 in I. Furthermore, C is absolutely continuous.

Proof. As noted above the boundary conditions C(u,0) = 0 and C(u,1) = u are
equivalent to U(0) = ¥(1) = 0. C is 2-increasing if and only if

Vo(lur, ug] X [vr, v2]) = (uz = ui){vz — v + [¥(v2) = W(v1)](1 — w1 —ug)} > 0.

If uy = ug,v1 = vo, or if u; +us = 1, then Vi (ug, us] X [v1,v2]) = 0. So for u; < us
and v; < vg, we have
\I/(’UQ) — \I/(’Ul) < 1
Vg — V1 T ustup—1

if ug +ug > 1,
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4 Techniques for Construction of Multivariate Copulas

and

\I/(’UQ)—\I/(Ul) > 1
Vg — U1 T ustup—1
But inf{1/(u1 +u2 —1)|0 < uy <wug <1,u; +ug >1}=1and
sup{1/(u1+u2—1)|0 < uy <wug <1,u;+u < 1} = —1, and hence C is 2-increasing
if and only if

if ug +ug < 1.

Ly M) = W)

U2 — V1

for vy,v in I such that vy < wvg, from which the conclusion follows. From the
Lipschitz condition it follows that |[¥/(v)| < 1 almost everywhere on I. Thus ¥ is
absolutely continuous. The absolute continuity of C' then follows. |

One choice of ¥ satisfying the above conditions is ¥ (v) = fv(1—v) for § in [—1, 1].
This choice results in a copula family called the Farlie-Gumbel-Morgenstern (FGM)
family.

The FGM family is positively ordered since fouv(1—u)(1—v) > druv(l—u)(1—v)
for 65 > 6;. Thus maximal and minimal rank correlations are obtained for 8 = 1
and @ = —1 respectively. Simple calculations yields

¢ =4 [[}. Clu,v)dC(u,v) =1 =26/9,
pc =12 [[1, C(u,v)duudv —3 = 6/3.

Hence |7'c| < 2/9 and ‘pc‘ < 1/3. Note that this limited range of dependence is
one of the reasons why the FGM-family is not often used in practice.

The following calculation shows that the FGM-copulas do not have upper tail de-
pendence.

C _ 2 201 — )2
lim C(u,u) — lm 1—2u+u®+60u?(l —u)
u—l- 1 —u u—1— 1—u
)2 2
—  lim (1 —u)*(1+ 0u?)
u—1— 1—u
= lim (1-wu)(1 +0u?) =0

The FGM family of copulas provides a natural extension to higher dimensions,
as seen from the following expression for the (2" — n — 1)-parameter n-copula C.

Clu)=wug...un [T+ Y O (L= ) (L —uj,) o (1 —uy,)].

2 1<ii<...jk<n
(4.1.2)

Each copula in this family is absolutely continuous with density

9"C(u) -
o =D D Ohaa (1= 2u)(1 = 2u5) - (1= 2u,).

Ou10us . ..
16%2 n 2 1<j1<...jx<n

Since C(u) is quadratic in each variable the density is linear in each variable. Hence
the density will be nonnegative on I" if and only if it is nonnegative at each of the
2™ vertices of I'"". This gives the following 2™ parameter constraints:

n
1+ E E €j1€js -+ €5 0irgain =0, €j11Ejyy- - €5, € {—1,1}.
2 1<hi<gk<n
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4.2 The Marshall-Olkin Family

As a consequence each parameter, 6, must satisfy |#| < 1. Note that this is a proper
multivariate extension since each k-margin, 3 < k < n, is of the same form and the
2-margins are in the bivariate FGM family.

Consider the n(n—1)/2-parameter subfamily of the family of n-copulas described
above resulting from setting 6;,;,..5, = 0 when k > 3. This gives the following
subfamily of the copula family given by (4.1.2):

Cu) = wug ... un[1+ D Ol —uy) (1 — ug)].

i<k

Given an arbitrary rank correlation matrix with obtainable rank correlations (‘Tij ‘ <
2/9 or ‘ pij| < 1/3 depending on what measure of association is used) this gives a
one-to-one correspondence between the upper (lower) diagonal elements in the rank
correlation matrix and the copula parameters.

Random variate generation from this copula family presents no problem. We
simply apply the conditional method. With the same notation as used to describe
the conditional method we get

8k‘1Ck_1(u1, R ,uk_l) _
Ouy...0up_1
= 146121 —2u1)(1 —2u2) +...+ 91(k71)(1 —2u1)(1 — 2up—1) +
+023(1 — 2u2) (1 — 2ug) + ... + Oz05—1) (1 — 2u2) (1 — 2up_1) +

+...+
F0(k—2)(k—1)(1 = 2up—2)(1 — 2up_1)
= Ck
and
8k_1Ck(u1, c.. ,uk) .
ouy ...0ug -
= cpugp + (Hlk(l —2u1)+...+ e(k,l)k(l — Zuk_l))uk —
—(Hlk(l - 2u1) + ...+ H(k,l)k(l — 2uk_1))ui
= akui + brug,
where uq, ... ,urp—1 (and hence also ag, by and ¢i) are determined from the previous

steps in the algorithm.
Hence to simulate a value uy from C(ug|uq, ... uk—1), where uq,...ur_1 are given
by the previous steps:

e Simulate a value ¢ from U(0, 1) independent of w1, ... ,ug_1,
e Solve for uy

Cr(ug|ug, ... up—1) = ¢ —
=

apup+brun _

Ck -
_ by br_\2 qCk
U = 2ap + (Q(Lk) + ag

In the last equation the sign is chosen so that uy € [0, 1].

4.2 The Marshall-Olkin Family

Instead of constructing copulas from certain nice mathematical properties, statisti-
cal properties can provide the basis of construction.
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4 Techniques for Construction of Multivariate Copulas

Consider a two component system where the components are subjects to shocks,
which are fatal to one or both components. Let X; and X5 denote the lifetimes of
the two components. Furthermore assume that the shocks form three independent
Poisson processes with parameters A1, A2, A12 > 0, where the index indicate whether
the shocks kill only component 1, only component 2 or both. Then the times 77, Z5
and Z15 of occurrence of these shocks are independent exponential random variables
with parameters A1, A2 and \is, respectively. Hence

F(Jﬁl,.ﬁg) = P[Xl > J?l,XQ > 332]
= ]P[Zl > xl]]P’[Zg > xQ]]P)[Z12 > max(ml,xg)].

The univariate survival functions for X; and X» are Fi(x1) = exp(—(\1 + Ai2)z1)
and Fa(z2) = exp(—(A2+A12)x2). Furthermore max(z1,x2) = 21+ 22 —min(xy, z2)
yielding

H(:L‘l, LEQ) = exp(—()\l —+ )\12)1‘1 — ()\2 —+ )\12)1‘2 + Ao min(fcl, LEQ))
= Fl (xl)FQ (1‘2) min(exp()\lgarl), eXp()\lgl‘Q)).

Let a1 = A2/(A1 + A12) and g = A12/(A2 + A12). Then exp(Aigz1) = Fy(x)™™
and exp(Aaxe) = Fa(x2)~*2, and hence the survival copula is given by

C’(ul, uz) = urug min(uy **, uy *?) = min(uifalug, ulu;a?).

The survival copulas for the Marshall-Olkin bivariate exponential distribution yields
a copula family given by

1— 1— Otg)

1—aq [« %1 (e3>}
. U Uy, U35 > U
_ 1 ) 1 = %2
Coy ap (U1, u2) = min(uy ™ “ug, urus {

wpuy”*?, ult < u§?.
This family is known as the Marshall-Olkin family.

The Marshall-Olkin copulas have both an absolutely continuous and a singular
component. Since

2 —aq [e51 (o3}

0 c (1, 13) = up Y, ugt > ug?,
g, = —

OuiOug V2 ug 2, uft <ud?,

the mass of the singular component is concentrated on the curve uf* = uy? in I?
as seen in figure 4.1.

Kendall’s tau and Spearman’s rho are quite easily evaluated for this copula
family.
For Spearman’s rho applying the result obtained in Theorem 3.4 yields:

Pai,oa = 12// COt1 as ’LL ’U) dudv — 3

w1/ a2 1

12/ (/ ul” alvdv—l—/ uv' ™2 dv) du — 3
0 0 w1/ ez

30&10&2

2001 + 209 — oy g '

To evaluate Kendall’s tau we use the following theorem, which proof is found in
Nelsen (1999) [13]:

Theorem 4.2. Let C be a copula such that the product (0C/0u)(0C/dv) is inte-
grable on I?. Then

// C(u,v)dC(u,v) ———// —Cuv iC(u,v)dudv.
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4.2 The Marshall-Olkin Family

Marshall-Olkin
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Figure 4.1: Samples from the Marshall-Olkin copula. Ay = 1.1, A2 = 0.2 and A1 =
0.6

Using the result in Theorem 3.3 and the theorem above yields:
Tar,an = 4 // 00(17&2 (ua U) dC(Jéh(JéQ (ua U) -1
12

1 0 0
= 4 <§ — //12 %Cahw(u,v)%cahaz (u,v) dudv> -1

109
a1 + g — 10

Thus all values in the interval [0,1] can be obtained for pa, a, and 7a, a,. The
Marshall-Olkin copulas have upper tail dependence. Without loss of generality
assume that o > as.

lim C(u,u) ~ lim 1 — 2u + u? min(u=", u=%2)
u—l1l— 1 —u u—1— 1—u
.1 —2u+uPu
= lm ———
u—1— 1—u
= 1ir{1 (2 — 2u' 722 + agu! T2) = o,
u—1—

and hence
Ay = min(aq, ag).

We now present the natural multivariate extension of the bivariate Marshall-
Olkin family.
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4 Techniques for Construction of Multivariate Copulas

Let Xq,...,X, be an n-component system where the components are subject to
EZ=1 (Z) shocks. Each shock is in one-to-one correspondence with one of the
Y oreq (Z) non-empty subsets of {Xi,...,X,}, and each of those subsets are as-
signed to a shock according to the mapping A given by

A({]ljk}) = {lea'” 7Xjk}7

forke{l,...,n}and 1 <j;1 <...jk <n.
Furthermore the shocks are assumed to form independent Poisson processes with
parameters

)\j17~~~7jk Zoﬂk:]-v 7n71§j1<~'~jk§n~

The times of occurrence of these shocks are independent exponential random vari-
ables with the parameters above.

Example 4.1. Let n = 4. Then

X1 = mlD(Zl7Z12,Z137Z147Z123, Zh24, Z134, Z1234),

min(Za, Z12, Z23, Zoa, Z123, Z124, Zo34, Z1234)
(Z3, Z13, Zas, Z3a, Z123, Z134, Za34, Z1234)
( )-

Xy =min(Zy, Z14, Z24, Z34, Z124, Z134, L234, L1234

X3 = min

)

If for example A\13 = 0, then Z135 = oo almost surely.

Random variate generation from the extended Marshall-Olkin family is easy as
will be shown by the algorithm below.

First of all order the shocks in some order (the order suggested by the above
example seems however most natural). A parameter Ay is then referred to as the
parameter of the k:th shock according to this order. Define the nx > p_; (}) matrix

(aij) via:

a — 1 if shock j kills component i,
t 0 otherwise.

Example 4.2. Let n = 4. Then with the same order as in Example 4.1

OO O
SO~ O
O~ OO
= o O O
O O ==
O = O =
_ o o =
O = = O
= O = O
= =0 O
O~ =
— O =
o
_ == O
— ==

The following algorithm generates random variates from the extended Marshall-
Olkin copula:

Algorithm 2.

e Generate [ =Y}, (}) independent values v1,... ,v; from U(0,1).

e Setu; :minlSkSl’aik:L,\k;éo—1nvk//\k, t1=1,....,n

o Set Ai:Z§g:1 aixkAg, 1=1,...,n.

o Setu; =exp(—Ax;), i=1,...,n

(x1,...,xy) is an n-variate from the extended Marshall-Olkin distribution and
(u1,...,uy,) is an n-variate from the extended Marshall-Olkin copula. Furthermore

A; is the shock intensity “felt” by component i.
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4.2 The Marshall-Olkin Family

Kendall’s tau and Spearman’s rho are easily evaluated for the extended Marshall-
Olkin copula since the expressions are on the same form as in the bivariate case.

Fori,j € {1,...,n},i# j:
L l
ai = (D amagAe) /(D ainAe),
k=1 k=1
L l
& = (Z aikajk)‘k)/(z ajkAk).
k=1 k=1

Then the Kendall’s tau rank correlation matrix (Tij) is given by:

Q4

T = ———
J Q; + Qj — Qi

and the Spearman’s rho rank correlation matrix (pij) is given by:

300

Pij = 200; + 204]‘ — aiaj'

As seen above evaluating the rank correlation matrix given the full parameter-
ization of the extended Marshall-Olkin copula is straight forward. However given
a (Kandall’s tau or Spearman’s rho) rank correlation matrix we can not in general
obtain a unique parameterization of the copula. By setting the shock intensities
for subgroups with more then two elements to zero, we obtain the perhaps most
natural parameterization of the copula in this situation. However this also means
that the copula only has bivariate dependence.
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5 Archimedean Copulas

In this chapter we discuss an important class of copulas called Archimedean copulas.
This class of copulas is worth studying for a number of reasons: 1) The many
parametric families of copulas belonging to this class 2) The great variety of different
dependence structures 3) The many nice properties possessed by members of this
class 4) The ease with which they can be constructed and simulated from. At the
end of this chapter we present one possible multivariate extension of Archimedean
copulas and a general algorithm for random variate generation for those families of
n-copulas. For other multivariate extensions we refer to Joe (1997) [6].

5.1 Convex Sums
Let {C;}™, be a collections of n-copulas. Then every convex combination

m

T(ut,y...,up) = Z)\ici(ul,... s Un),

is also a copula, since

Ve(B) = S san(©)T(c) = 3 san(e) 3 ACi(e)

i=1

= Z i ngn(c)Ci(c) = Z)‘iVCi (B) > 0.
i=1 c i=1

This can be extended to infinite collections of copulas indexed by a continuous
parameter §. Consider the parameter 6 as an observation of an continuous random
variable © with distribution function A. If C’ is given by

C'(uty. .. ,up) :/RCe(ul,... ,up,) dA(0), (5.1.1)

then C’ is a copula, called the convex sum of {Cyp} with respect to A. We call A
the mixing distribution of the family {Cy}.

Consider the representation given by equation (5.1.1) and for simplicity the bi-

variate case. It can be extended by replacing Cy by more general bivariate functions.
For example, set

H(u,0) = /OOo FO(u)GP (v) dA(6), (5.1.2)

e.g., let H be mixture of powers of distribution functions F' and G. Furthermore
assume A(0) = 0. Let ¥(¢) denote the Laplace transform of the mixing distribution
A, e,

U(t) = /Ooo e 9 dA(h).
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5 Archimedean Copulas

Let F and G be distribution functions given by F(u) = exp(—¥~!(u)) and G(v) =
exp(—V¥~1(v)) for all u,v in I. Then (5.1.2) becomes

H(uv) = /Owexp[—e(m—l(uww—l(v))} dA(0)
= U (T +T ),

which can be shown to be a bivariate distribution function. Furthermore, since
U~1(1) = 0, its margins are uniform. Thus H is a copula. So when ¥ is the
Laplace transform of a distribution function, then the function C' given by

Clu,v) = U (T Hu) + T (v)) (5.1.3)

is a copula. C given by (5.1.3) is a copula for a larger class of functions than Laplace
transforms. These copulas are called Archimedean copulas and are the subject of
this chapter.

5.2 Definitions

Definition 13. Let ¢ be a continuous, strictly decreasing function from I to [0, co]
such that (1) = 0. The pseudo-inverse of ¢ is the function =Y with Dom
=1 =0, 00] and Ran =1 =T given by

¢[—1](t)—{ g,_l(t% 2 |

t < ¢(0),
<t < oo (5.2.1)

SIA

Note that ¢!=1 is continuous and nondecreasing on [0, 0], and strictly decreas-
ing on [0, »(0)]. Furthermore, ¢!~ (p(u)) = u on I, and

» t0<t<o0),
elp (1) :{ 0(0), ©(0) < tg)é( go

Finally, if ¢(0) = oo, then o[~1 = =1,

Lemma 5.1. Let ¢ be a continuous, strictly decreasing function from I to [0, 0]
such that o(1) = 0, and let ©!=1 be the pseudo-inverse of v defined by (5.2.1). Let
C be the function from I? to I given by

C(u,v) = ol (p(u) + p(v)). (5.2.2)
Then C satisfies the boundary conditions for a copula.

Proof. C(u,0) = @l=1(p(u) + ¢(0)) = 0, and C(u,1) = ¢ (p(u) + ¢(1)) =
o= (p(u)) = u. By symmetry, C'(0,v) = 0 and C(1,v) = v. O

Lemma 5.2. Let ¢, o= and C satisfy the hypotheses of Lemma 5.1 Then the
function C is 2-increasing if and only if whenever u; < usg,
C(uz,v) — Clur,v) < ug — uy. (5.2.3)

Proof. Since (5.2.3) is equivalent to Vo ([u1, us] x [v,1]) > 0, it holds whenever C'
is 2-increasing. Hence assume that C satisfies (3.1.3). Choose v1, vo in I such that
v1 < w9 and note that C(0,v2) = 0 < v1 < ve = C(1,v2). But C is continuous
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(since o and = are), and thus there is a ¢ in I such that C(t,v2) = v, or
p(v2) + ¢(t) = p(v1). Hence

Clug,v1) = Clur,v1) = @7 (p(u2) +(v1)) — @l (1) + (1))
= o7 (p(ug) + @(v2) + o(t)) —
e () + p(v2) + (1))
= C(C(ug,v9),t) — C(C(uy,vs),t)
< Clug,v2) — C(u1, va),
so that C is 2-increasing. [l

Theorem 5.1. Let ¢ be a continuous, strictly decreasing function from I to [0, 0]
such that p(1) = 0, and let @I~ be the pseudo-inverse of p defined by (5.2.1). The
function C from I? to I given by (5.2.2) is a copula if and only if ¢ is convex.

Proof. We have already shown that C' satisfies the boundary conditions for a cop-
ula, and as a consequence of the preceding lemma, we need only prove that (5.2.3)
holds if and only if ¢ is convex. Note that ¢ is convex if and only if [~ is convex.
Observe that (5.2.3) is equivalent to

ur + o (p(u2) + 9(v) < uz + o (p(ur) + ()
for u1 < wg, so if we set a = p(u1), b = p(uz) , and ¢ = p(v), then (5.2.3) is
equivalent to
(@) + (b +¢) < G0 + ol a ko), (5.2.4)

where a > b and ¢ > 0. Now suppose (5.2.3) holds, i.e., suppose that oI~ satisfies
(5.2.4). Choose any s,t in [0, 00] such that 0 < s < t. If we set a = (s+1)/2, b= s,
and ¢ = (t — s)/2 in (5.2.4), we have

(-1] (-1]
(p[—u(s‘;t)gw (8)72“? ()

(5.2.5)

Thus [~ is midconvex, and since ¢~ is continuous it follows that ¢!~ is convex.

In the other direction, assume o[~ is convex. Fix a, b and ¢ in I such that a > b
and ¢ > 0; and let v = (a — b)/(a — b+ ¢). Now a = (1 —7)b+ vy(a+¢) and
Pl (@) < (1=7)pl () + 7l (@ +¢).
and
P+ ) < el (b) + (1= 1)l (a + o).
Adding these inequalities yields (5.2.5), which completes the proof. |

Copulas of the form (5.2.2) are called Archimedean copulas. The function ¢ is
called a generator of the copula. If ¢(0) = co, we say that ¢ is a strict generator.
In this case, p[~1 = =1 and C(u,v) = ¢~ (p(u) + ¢(v)) is said to be a strict
Archimedean copula.

Example 5.1. Let ¢(t) = (—Int)?, where § > 1. Clearly ¢(t) is continuous and
0(1) = 0. ¢'(t) = —0(—Int)?"11 so ¢ is a strictly decreasing function from I to
[0,00]. ¢"(t) = 6(0 — 1)(—Int)" 2% + 60(—Int)’'L > 0 on I, so ¢ is convex.
Moreover ¢(0) = oo, so ¢ is a strict generator. From (2) we get

Co(u,v) = ¢~ (p(u) + (v)) = exp(=[(~ nw)’ + (= nv)’]/7).

Furthermore C; = IT and Co, = M. This copula family is called the Gumbel family.
As shown in Example 3.4 this copula family has upper tail dependence.
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5 Archimedean Copulas

Example 5.2. Let ¢(t) = (7% — 1)/6, where § € [~1,00)\{0}. This gives the
Clayton family

Co(u,v) = max([u=? + v~ — 1]~/ 0). (5.2.6)
For 6 > 0 the copulas are strict and the copula expression simplifies to
Co(u,v) = (u™? + 070 — 1)1/, (5.2.7)

The Clayton family has lower tail dependence for # > 0 and is comprehensive, i.e.,
C_1 =W, Cs = M and limg_.gCy = II. Since most of the following results are
results for strict Archimedean copulas we will refer to (5.2.7) as the Clayton family
and refer to (5.2.6) as the extension to negative dependence of the Clayton family.

Example 5.3. Let ¢(t) = —In e;:%ll, where 6§ € R\{0}. This gives the Frank
family

Co(u,v) = —% In (1 Ll o) - 1)> .

The Frank copulas are strict copulas and are comprehensive, i.e., C_o = W, Cy =
M and limg_.oCy = II. Members of the Frank family are the only Archimedean

copulas which satisfy the equation C'(u,v) = C(u,v) for so called radial symmetry.

Example 5.4. Let o(t) = 1—t for t in [0, 1]. Then pl=1(¢) = 1—t for ¢ in [0, 1] and 0
fort > 1; i.e., p[=1(t) = max(1—t,0). Hence C(u,v) = max(u+v—1,0) = W(u,v).
Hence W is Archimedean.

The results in the following theorem will enable multivariate extensions of Archimedean
copulas.

Theorem 5.2. Let C' be an Archimedean copula with generator o. Then:

1. C is symmetric; i.e., C(u,v) = C(v,u) for all u,v in I;
2. C is associative; i.e., C(C(u,v),w) = C(u,C(v,w)) for all u,v,w in L

Proof. The first part follows directly from (5.2.2).

C(C(ua ’U), w) = 50[71] ¥ C(uvv)) + @(w

(¢(
= (el (p(u) + ¢(v) + p(w))
= ol (p(u) + o(v) + p(w)
= o () + e (ew) + pw))))
= o (p(u) + p(Cv,w))) = C(u,C(v,w)),

and hence C is associative. O

The associativity property of Archimedean copulas is not shared by copulas in
general as indicated by the following example.

Example 5.5. Let Cy be a member of the bivariate Farlie-Gumbel-Morgenstern
family of copulas, i.e., Cg(u,v) = uv + Ouv(l — u)(1 — v), for 6 € [—1,1]. Then

a(ba(3 ) oo (D))

for all # € [—1,1] except 0. Hence the only member of the bivariate Farlie-Gumbel-
Morgenstern family of copulas that is Archimedean is II.

32



5.3 Properties

5.3 Properties
For convenience, we let €} denote the set of continuous strictly decreasing convex
functions ¢ from I to [0, 1] with ¢(1) = 0.

Theorem 5.3. Let C be an Archimedean copula generated by ¢ in Q. Let Ko (t)
denote the C-measure of the set {(u,v) € I|C(u,v) < t}. Then for any t in I,

o(t)
Ko(t) =t — . 5.3.1
ol(t) ) (5.3.1)
Proof. Let t bein (0,1), and set w = ¢(t). Let n be a fixed positive integer, and con-
sider the partition of the interval [¢, 1] induced by the partition {0, w/n, ..., kw/n,... ,w}
of [0, w], i.e., the partition {t = to,t1,... ,tk,... ,tn = 1} where t,,_ = o= (kw/n), k =
0,1,...,n. Since w < (0), it follows from (1) that

Cltjtr) = @ (p(t;) + oltr))
_ (uw $ 2o kw) G (w N mw)

n n

In particular, C(tj, t,—;) = o= (w) = t.
Let Ry denote the rectangle [tg—_1, k] X [0,t,—k+1], and set S, = UZ=1 Ry,. From
the convexity of ¢~ it follows that

0<t1—tg<ta—t1 <...<tp—tp1=1—1t,1,

and clearly lim,, (1 —t,) = 1 — l=1(0) = 0. Hence K¢(t) is given by the sum
of the C-measure of [0, ¢]xI and lim,,_,oo Ve (Sy), i-e., Ko(t) = t+ limy,— o0 Vo (Sp)-
For each k we have

Ve(Ri) = Cltrstn—kt1) — Clte—1,tn—r+1) — C(tr,0) + C(tx—1,0)
= Cltgtnrr1) —t = w—w/n) — el (w),

and hence

Ve(Sn) = > Ve(Re)
k=1

[w[_l] (w) — ol (w — w/ﬂ)]
w/n

= —w

from which it follows that
limn oo Vo(Sn) = —we'Hwh) = —p(t) /¢ (1)
O

Corollary 5.1. Let U and V be uniform (0,1) random variables whose joint distri-
bution function is the Archimedean copula C generated by ¢ in Q). Then the function
K¢ given by (5.3.1) is the distribution function of the random variable C(U, V).

In general evaluating Kendall’s tau for a certain copula C' requires evaluation
of the double integral in (3.3.5). In many cases this might not even be possible
analytically. For Archimedean copulas, the situation is simpler, because Kendall’s
tau can be evaluated directly from the generator, as shown in the following theorem.

Theorem 5.4. Let X and Y be random wvariables with an Archimedean copula C
generated by ¢ in Q. Kendall’s tau of X and Y is given by

1
o=1+ 4/0 j,((?) dt. (5.3.2)
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5 Archimedean Copulas

Proof. Let U and V be uniform (0,1) random variables with joint distribution
function C, and let K¢ denote the distribution function of C(U,V). Then from
(3.3.6) we have

7o = 4B(C(U,V)) -
= /Otch( t) —

= tKC / Kc dt

- 3—/0 Kc(t) dt.

From Theorem 5.3 and Corollary 5.1 it follows that the distribution function K¢
of C(U,V) is

p(t)
Kco(t) =t —
o) =t= Sy
and hence
1 1
t t
rc=3—4/ (t— “f’(l )dt:1—|—4/ o) g,
0 o' (t1) 0 ¢'(t)

where ¢’ (t) is replaced by ¢’(¢) in the denominator of the integral because concave
functions are differentiable almost everywhere. O

Example 5.6. Consider the Gumbel family with generator ¢(t) = (—Int)?, for
¢ > 1. Then

p(t) _ tint
'ty 0

Using Theorem 5.4 we can calculate Kendall’s tau for the Gumbel family.

1

1+4/ thty

1+4 V lnt}l—/lfdt
6 2 0 0 2

+ %(0— 1/4)=1-1/6.

T

Example 5.7. Consider the Clayton family with generator ¢(t) = (t=% —1)/0, for
0 € [-1,00)\{0}. Then

(,O(t) _ t«9+1 —t
PO

Using Theorem 5.4 we can calculate Kendall’s tau for the Clayton family.

1 46+1
t -t
1+4/ dt
O 9

T
6\0+2 2

4 -6 0
020+2) 0+2

To
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5.3 Properties

Example 5.8. Consider the Frank family presented in Example 5.3. It can be
shown that Kendall’s tau is

To = 1—%(1—D1(0))

where Dy (x) is the Debye function, given by

E [tk
Duto) - & [

et —1
for any positive integer k. Furthermore Spearman’s rho is
12
po=1-—4 (D1(0) — D2(8)) -

The next theorem will provide the basis in a general algorithm for random vari-
ate generation from Archimedean copulas. Before the theorem can be stated we
need an expression for the density of an absolutely continuous Archimedean copula,
needed in the proof of this theorem.

From (5.2.2) it follows that

0 0 0?
" v v /
P (Ol )5 Ol 0) 5ol ) + ¢/ (Clw,0)) 5=, 0) = 0,
and hence
0 0
92 ©"(C(u,v)) 7-C(u, v)5-C(u,v)
C(u,v) — _ ou ov —
Oudv ¢ (C(u,v))
_9"(C(u, )¢ (u)yg' (v),
[ (C(u,v))]
Thus, when C is absolutely continuous, its density is given by
0 (O, 0)e () (v)
8u8vc(u’ v) = — o (Cluv))] . (5.3.3)

Theorem 5.5. Under the hypotheses of Corollary 5.1, the joint distribution func-
tion H(s,t) of the random variables S = o(U)/[p(U) + @(V)] and T = C(U,V) is
given by H(s,t) = sKc(t) for all (s,t) in I2. Hence S and T are independent, and
S is uniformly distributed on (0,1).

2

)
h(s,t) = mC(u,v)‘

Proof. We presents a proof for the case when C' is absolutely continuous. The joint
density h(s,t) of S and T is given by

9(u,v) ‘
(s, t)

in terms of s and t, where 9?C/(u,v)/0udv is given by (5.3.3) and d(u,v)/d(s,t)
denotes the Jacobian of the transformation p(u) = sp(t), p(u) = (1 — s)p(t). But
Iu,v) _ p)¢' (1)

A(s,t) ¢ (u)e(v)’
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5 Archimedean Copulas

and hence

h(s,t) = <— “’H(t)w/(“)‘/’/(”)) (_ p(t)¢'(t) ) o (t)e(t)

[/ (1) P ) POR

H(s7t)=/08/0t Wdydw:sp— so(y)}t = sKc(t),

and the conclusion follows. O

An application of Theorem 5.5 is the following algorithm for generating random
variates (u,v) whose joint distribution is an Archimedean copula C with generator
@ in Q:

Algorithm 3.
e Generate two independent uniform (0, 1) variates s and ¢;

o Sett= K(C_l)(q), where K(C_l) denotes the quasi-inverse of the
distribution function K¢;

Set u = @l (sp(t)) and v = Pl H((1 = 5)o(t));
The desired pair is (u,v)

Note that the variates s and t correspond to the random variables S and T in
Theorem 5.5 and from the proof it follows that this algorithm is correct.

5.3.1 Tail Dependence

For Archimedean copulas tail dependence can be expressed in terms of the genera-
tors.

Theorem 5.6. Let C be a strict Archimedean bivariate copula. If @’1/(0) is finite,
then

C(u,v) = ¢ (o(u) + ¢(v))

does not have upper tail dependence. If C' has upper tail dependence, then @‘1,(0) =
—oo and the coefficient of upper tail dependence is given by

Av =2 —2lim [ (28) /o (5)):

Proof.

lim C(u,u)/(1 —u)

u—1

Tim [1 = 2u+ ™ (20(w))]/(1 - u)
= 2-2lim o™V (2p(u) /¢! ((w))
= 2-2limfp " (25)/¢" " (s)].

If cpfll(O) € (—00,0), then the limit is zero and C' does not have upper tail depen-
dence. Since ~'(0) < 0 the result follows. O

Example 5.9. The Gumbel copulas are a strict Archimedean copulas with genera-
tor (t) = (—Int)?. Hence ¢ 1(s) = exp(—s'/?) and ¢V (s) = —s/¢Lexp(—s'/?) /6.
By using Theorem 5.6 we get

Ao = 2-2limfpV(2s) /071 (5)]

I T e s e )
s—0 exp(—sl/a)
= 227
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5.4 Order
Theorem 5.7. Let ¢ be a strict generator. The coefficient of lower tail dependence
for the copula C(u,v) = ¢~ (p(u) + p(v)) is equal to

A =2 lim [p7V(2s5) /07" (5)).

Proof. The proof is similar to that of Theorem 5.6. O
Example 5.10. Consider the Clayton family given by
Co(u,v) = (u=? + 070 —1)~1/

for # > 0. This strict copula family has generator () = (t=¢ — 1)/6. It follows
that p~1(s) = (1+0s)~'/?. Using Theorem 5.7 shows that the Clayton family has
lower tail dependence.

AL

2 lim [~ (25) /0~ (s)]
§— 00
—(1+20s)~ /01
= 2 lim | (1 +20s)
§—00 —(1—|—65)_1/9_1

Example 5.11. Consider the Frank family given by

(e7f —1)(e 0 — 1))

1
Ce(u,v):—gln <1+ o

for € R\{0}. This strict copula family has generator ¢(t) = —In e;: ':11 . It follows
that ¢ 1(s) = —3In(1 — (1 — e ?)e™*) and e V(s) = —t(1—e e ") /(1-(1-
e~%)e™*). Since

gy Lo 1—e? 11—
v (0= 01— (1—e?) 0 e*

is finite the Frank family does not have upper tail dependence according to Theorem
5.6. Furthermore
e V(2s) L 1-(l—e e
-1/ =¢ —0)po—2s
e=1(s) 1—(1—e e

and hence

—1/
2
lim p__L8) (25)

800 s0_1/(8) :0

Thus the Frank family does not have lower tail dependence.

5.4 Order

Recall the concordance ordering of copulas suggested by the Fréchet-Hoeffding in-
equality. In this section we will give conditions in terms of the generators, that
enables us to determine among other things which parametric families are posi-
tively ordered.

Definition 14. A function f defined on [0, c0) is subadditive if for all z,y in [0, c0),

flz+y) < fl@)+ fy). (5.4.1)

37



5 Archimedean Copulas

Theorem 5.8. Let Cy and Cy be Archimedean copulas generated, respectively, by

w1 and g in Q. Then C1 < Cy if and only if v1 0 30[271] 1s subadditive.

Proof. Let f =10 30[2_1]. Note that f is continuous, nondecreasing, and f(0) = 0.
From Definition 7, C7 < C5 if and only if for all u, v in I,

() + 1 (0) < o5 Npa(w) + p2(0)). (5.4.2)

Let © = ¢a(u) and y = @a(v), then (5.4.2) is equivalent to

(@) + F) < b N +y) (5.4.3)

for all ,y in [0,¢2(0)]. Moreover if x > ¢2(0) or y > ¢2(0), then each side of
(5.4.3) is equal to 0.
Now suppose that C; < C3. Applying ¢1 to both sides of (5.4.3) and noting

that ¢ o <p[171] (w) < w for all w > 0 yields (5.4.1) for all «,y in [0, 00), hence f is
subadditive. Conversely, if f satisfies (5.4.1), then applying 90[1_1] to both sides and
noting that go[fl] of= <p[271] yields (5.4.2), completing the proof. O

Lemma 5.3. Let f be defined on [0,00). If f is concave and f(0) = 0, then f is
subadditive.

Proof. Let x,y be in [0,00). If z + y = 0, so that with f(0) = 0, (5.4.1) is trivial.
So assume x +y > 0, so that

z Y

x
T = x+y(f€+y)+x+y(0) and y = x+y(0)+x+y(fv+y)-
If f is concave and f(0) = 0, then
Y
> _— =

flz) = ijyf(fwry)wLaHyJ’(O) ijyf(ery)
and

f) = ——f(0) + ——f@+y) = ——f(a+y)

Y=oty r+y S v

from which (5.4.1) follows and f is subadditive. O

Corollary 5.2. Under the hypotheses of Theorem 5.1, if 1 030[2_1]

Cl -<CQ.

s concave, then

Example 5.12. Let Cp, and Cp, be members of the Gumbel family with param-

eters 01 and 03, so that the generators of Cp, and Cy, are ¢y, and ¢p,, respec-
tively, where g, (t) = (—Int)" and @y, (t) = (—Int)?2. Then g, o <p[0;1] (t) =

g, © 309721 (t) = (= In(exp(—t1/92)))0r = t91/92 Qo if §; < 6, then ¢y, o 30[9;1] is
concave and Cp, < Cy,. Hence the Gumbel family is positively ordered.

5.5 Multivariate Archimedean Copulas

In this chapter we look at construction of and random variate generation from
Archimedean n-copulas.

The expression for the product copula II can be written in the form

M(u,v) = uwv = exp(—[(— Inu) + (— Inv)]).
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5.5 Multivariate Archimedean Copulas

The extension of this idea to n dimensions, with u = (u1,us, ... ,u,), results in the
n-dimensional product copula II" in the form

I"(u) = vqug...un, = exp(—[(=Inwug) + (= Inug) + ... + (Inw,))).
This leads naturally to the following generalization of (5.2.2):

C™(a) = e ((ur) + o(ug) + ... + o(un)). (5.5.1)

The functions C™ are the serial iterates of the Archimedean 2-copulas generated by
@, that is, if we set C2(uy,us) = C(uy,uz) = @~ (@(u1) + p(us2)), then for n > 3,
C™(uy,uz, ... ,u,) = C(C" *(uy,uz,... ,Un—1),u,). Note that this technique of
composing copulas generally fails. But since Archimedean copulas are symmetric
and associative it seems more likely that C™, given certain additional properties of
¢ (and l71) | is a copula for n > 3.

Definition 15. A function g(t) is completely monotonic on the interval J if it is
continuous there and has derivatives of all orders which alternate in sign, i.e., if it
satisfies

et
(~DFZra(t) 2 0 (5.5.2)

for all ¢ in the interior of J and k£ =0,1,2,....

As a consequence, if g(t) is completely monotonic on [0,00) and g(c) = 0 for
some ¢ > 0, then g must be identically zero on [0,00). So if the pseudo-inverse
@l=1 of an Archimedean generator ¢ is completely monotonic, it must be positive
on [0,00), i.e., ¢ is strict and =1 = =1,

Theorem 5.9. Let ¢ be a continuous strictly decreasing function from I to [0, 0]
such that p(0) = oo and (1) = 0, and let p~—1 denote the inverse of . If C™ is
the function from I to I given by (5.5.1), then C™ is an n-copula for alln > 2 if
and only if =1 is completely monotonic on [0, 00).

This theorem can be partially extended to the case when ¢ is non-strict and
o= is m-monotonic on [0,00) for some m > 2, that is, the derivatives of =1
alter sign up to and including the mth order on [0, 00). Then the function C™ given
by (5.5.1) is an n-copula for 2 <n < m.

Corollary 5.3. If the inverse ¢! of a strict generator ¢ of an Archimedean copula
C is completely monotonic, then C = II.

Proof. We begin by proving that for a strict Archimedean copula C' generated by
@ in Qif —Inp~?! is concave on (0,00), then C > II.

Assume that — In ¢! is concave on (0, 00). Since —In¢p~1(0) = —In1 =0, —lnp~*
is subadditive according to Lemma 5.3. Hence

—Ing~!(p(u) + ¢(v)) < —Inp~(p(u)) —Inp~'(p(v) &

—InC(u,v) < —lnww < C(u,v) > uv.

This means that C' > II.

The concavity of —Ing~?

on (0,00) is equivalent to requiring that
(30_1,)2 - 30_14,0_1“ < 0, on (0,00), and this inequality holds for all completely
monotonic functions. O

While it is simple to generate n-copulas of the form given by (5.5.1) they suffer
from a very limited dependence structure since all k-margins are identical. One
would like to have a multivariate extension of the Archimedean 2-copula given by
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5 Archimedean Copulas

(5.2.2) with a wide range of dependence structure. One example of such an extension
is given next.

If generators ; are chosen so that certain conditions are satisfied, then multivari-
ate copulas can be obtained such that each bivariate margin has the form of (5.2.2)
for some i. However, the number of distinct generators ¢; among the n(n — 1)/2
bivariate margins is only n — 1, so that the resulting dependence structure is one of
partial exchangeability. However a general algorithm for random variate generation
from this class can be obtained which among other things provides an algorithm
for random variate generation from the multivariate extreme value copula resulting
from the multivariate extension of the Gumbel copula.

Since the general multivariate result is notationally complex, we indicate the pat-
tern and conditions from the trivariate and 4-variate extensions of (5.2.2). The
trivariate generalization of (5.2.2) is

01 (1 095 (p2(u1) + pa(u2)) + ¢1(us)), (5.5.3)

where 1 and @9 are generators of strict Archimedean copulas. The 4-variate gen-
eralization of (5.2.2) is

01 (010905 (02 0 05 (3(ur) + @3(uz)) + pa(us)) + @1 (us)), (5.5.4)

where 1, o and 3 are generators of strict Archimedean copulas.

Clearly the generators have to satisfy the necessary conditions for the n-copula
given by (5.5.1) in order to make (5.5.3) and (5.5.4) valid copula expressions, since
(5.5.1) is a special case of the more general multivariate results indicated by (5.5.3)
and (5.5.4). What other conditions are needed to make these proper copulas? To
answer that question we now introduce function classes £,, and L.

Let ¢ be a strictly decreasing differentiable function.

Ly, ={¢:[0,00) — [0,1] | $(0) =1, ¢(00) =0,
(—1)7¢9) >0, j=1,...,n},

n=1,2,...,00, with L, being the class of Laplace transforms.

£ = {w:[0,00) — [0,00) | w(0) =0, w(o0) = oo,
(_1)j71w(j) > Oa] = ]-a e 777’};

n=1,2,...,00. Note that o~! € £; when ¢ is the generator of a strict Archimedean
copula. The functions in £} are usually compositions of the form 1~ o ¢ with 1,
¢e L.

Note also that with this notation, the necessary and sufficient conditions for (5.5.1)
to be a proper copula is that ¢~! € £,, and that if (5.5.1) is a copula for all n, then
¢~ must be completely monotonic and hence be a Laplace transform.

It turns out that if gofl and @5 ! are completely monotonic (Laplace transforms)
and ¢ 0 @5 ' € L*, then (5.5.3) is a proper copula. Note that (5.5.3) has (1,2)
bivariate margin of the form (5.2.2) with generator 2 and (1,3) and (2, 3) bivariate
margins of the form (5.2.2) with generator ¢q. Also (5.5.1) is the special case of
(5.5.3) when @1 = ¢3. As a result of Corollary 5.2 the trivariate copula in (5.5.3)
has a (1,2) bivariate margin copula which is larger than the (1,3) and (2, 3) bivari-
ate margin copulas (which are identical).

As one would expect there are similar conditions for the 4-variate case. If o] *,
@51 and @3' are completely monotonic (Laplace transforms) and ¢; o @5 and
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5.5 Multivariate Archimedean Copulas

P20@s Dare in L, then (5.5.4) is a proper copula. Note that all trivariate margins
of (5.5.4) have the form (5.5.3) and all bivariate margins have the form (5.2.2).
Clearly the idea of (5.5.3) and (5.5.4) generalizes to higher dimensions.

Example 5.13. Let oy, (t) = (—Int)?r and g, (t) = (—Int)%, where 61,0y > 1.
For 0, < 603 we get the trivariate extension of the Gumbel family. The copula
expression (5.5.3) becomes

O 01, 62) = exp{~([(~ nw)® + (~Inua)®)/% 4 (~Inug)®) "/},

We can now present an algorithm for random variate generation from the mul-
tivariate extension of (5.2.2) indicated by (5.5.3) and (5.5.4). Because the recursive
nature of the multivariate extension of (5.2.2) indicated by (5.5.3) and (5.5.4) the
algorithm is basically an extension of the algorithm for random variate generation
from an Archimedean copula of the form (5.2.2) already presented.

Algorithm 4.
e Generate a uniform (0, 1) variate q.
e Sett; = ngll (q).

Generate a uniform (0, 1) variate s; independent of g.
Set a1 = ¢y, (s1pe, (t1)) and u, = 5 (1 = 51)p0, (1))

e Set ti = Kél (ai_l).

05
Generate a uniform (0, 1) variate s independent of ¢ and s1,...,s;_1.

Set a; = @y (sitpe, (tr)) and un_i11 = 5 (1 — s:)¢p, (t:))

e Sett,_1= Kaeln_l (an—2).
Generate a uniform (0, 1) variate s,,_1 independent of ¢, s1,... ,Sn—2.
Set ui = ¢y (sn-100, ,(ta—1)) and ug = 5" (1= sn-1)@0, , (tn—1))

o (u1,ug,...,up) is the desired random variate from
C™(ur,ug, ... yUn;01,...,00_1),

where i € {2,...,n —2} and

C*(ur,ug, ... up; b1, 0p1) = C(C* Mur,ua, ... up—1;02,... ,0k_1),ur;61)
C('? g ej) = Cej('a ) = 900:1(509]‘ () + 909;'('));
fork=3,4,... ,nand j=1,2,... )k —1.
Let Uq,Us, ..., U, be the uniform (0,1) random variables given by the Algorithm
4. Then
Kcel (C91 (KC92 (092(' - KCQ,,L,I (Canl (Ulv UQ))a s »Unfl))a Un)) (555)

is a uniform (0, 1) random variable.

The correctness of the algorithm is stated in the following theorem.
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5 Archimedean Copulas

Theorem 5.10. Let the random wvariables Uy,... ,U, be generated according to
Algorithm 4. Then

(Ur,Us) have copula Cy,,_,,
(U1,Us), (Ua,Us) have copula Cy,,_,,

(U1,U), (Us,Uy), ... ,(Up-1,Uy) have copula Cp,.
Hence (Uy,Us, ... ,Uy,) have copula C™(u1,ug, ... ,un;01,...,60,_1).

Proof. From the algorithm it follows that:
* (U1, Us) have the copula Cp, ;.
* (K¢,  (Cp, ,(Ur,Us)),Us) have copula Cy, ,, and since K¢,  is strictly in-
creasing on I, (Cy,, , (U1, Uz),Us) have copula Cy, _,.
Ui = ¢!

- (Sn-10, ,(Cp,_, (Ur,U2))
= fa-1(Co,_,(U1,U2)),
Uy = @5 ((1=Su1)¢s, ,(Co, ,(Ur,Us))

= gn-1(Co,_,(U1,U2)),
where f,—1 and g,,—1 are strictly increasing on I. Hence (U1, Us) and (Usz, Us) have
copula Cy__,.
* (Kcen_2 (Co, _,(An—2,U3)),Uys) have copula Cy, _,,
where A,—2 = K¢,  (Cy, ,(Ur,U2)). Since K¢, , is strictly increasing on I,
(C’gn_Q(Kcan_1 (Co, _,(U1,U2)),Us),Uy) have copula Cy,_,.

Apn—o = 509_,3_2 (Sn*%@enfz (Canz (ATZ*Q; U3))
= fn72(09n,2 (An72; U3))7
Us = @' (1= Sn2)ps, ,(Co,_,(An—2,Us))

= gn72(Ct9n,2 (An727 U&))a

where f,_o and g,_» are strictly increasing on I. Hence (A,,_2,Us) and (Us, Uy)
have copula Cy, . Furthermore

U = fu-1(Co,_,(U1,U3))
= fa- 1(K09 1(K09 (Cenfl(UlvUQ))))
= fn I(chl 1( n— 2)7

Uy = gn-1(Co,_,(U1,U3))

= Gn— 1( 171 1(KC9 (097L71(U1aU2))))

= 9n— I(K ! ( n— 2);

and hence (Uy,Uy) and (Us, Uy) have copula Cy,_,.

By continuing this way, it follows that

(U1,Us) have copula Cy,_,,
(Uy,U3), (Uz, Us) have copula Cy, _,,
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5.5 Multivariate Archimedean Copulas

(U1,Un), (Us,Uy), ..., (Un-1,Uy,) have copula Cy,.

Hence (U1, Us, ... ,Uy,) have copula C™(u1,ug, ... ,un;01,... ,0ph_1). O

Example 5.14. Suppose we want to generate random variates from a 4-dimensional
distribution with standard exponential margins F;(z) = 1 — e~ ®, and a Gumbel
copula C'(u1,us, us, uq; b1,02,03) with 61 = 3/2, 82 = 2 and 03 = 5/2, where the
Gumbel copula C' is a 4-variate extension given by (5.5.4). To generate a random
variate from C' we simply apply Algorithm 4 with

0o, (t) = (—Int)%,
0ol (t) = exp(—t/%),
P, (t) B tint

Ke, (1) =t =t
co D) =t= o h) 7,

K 591 (t) is evaluated using numeric rootfinding. This gives us the random variate
(u1, U2, U3, u4) from C and hence the desired random variate from the prespecified
distribution is (F; *(u1),...,F; Y(us)) = (=In(1 — u1),...,—In(1 — uy)). Fur-
thermore, the Kendall’s tau rank correlation matrix for this distribution is given
by

1 1-1/65 1—1/6, 1-1/6, 1 3/5 1/2 1/3

| 1—1/6s 1 1-1/6, 1—1/6, | | 3/5 1 1/2 1/3
T 1-1/6, 1-1/6, 1 1—-1/6, |~ | 1/2 172 1 1/3
1-1/6, 1-1/6, 1-1/6, 1 1/3 1/3 1/3 1

Note that the results presented in this chapter (5.5) holds for strict Archimedean
copulas. With some additional constraints most of the results can be generalized to
hold also for non-strict Archimedean copulas. However for practical purposes it is
sufficient to only consider strict Archimedean copulas. This basically means (there
are exceptions such as the Frank family) that we consider copula families with only
positive dependence. Furthermore, risk models are often designed to model positive
dependence, since in some sense it is the “dangerous” dependence.
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6 Elliptical Copulas

A spherical distribution distribution is an extension of the standard multinormal
distribution A/(0, I,) and an elliptical distribution is an extension of N'(u, 3). Recall
that A(p, X) can be defined from the standard multivariate normal distribution
N(0,1,,) via

X =4 pu+ AY, (6.0.6)

where X ~ N(p,%),Y ~ N(0,1,) and ¥ = AAT. With this in mind it seems
natural to start with spherical distributions and then define elliptical distributions
from the spherical in the way indicated by (6.0.6).

Definition 16. An n x 1 random vector X is said to have a spherically symmetric
distribution (or simply spherical distribution) if for every I' € O(n),

I'X =4 X, (6.0.7)
where O(n) denotes the set of n X n orthogonal matrices.

Note that an orthogonal matrix represents a rotation transformation. Hence
spherical distributions are geometrically interpreted as those invariant under rota-
tions.

Theorem 6.1. An n-vector X has a spherical distributions if and only if its char-
acteristic function U(t) satisfies one of the following equivalent conditions:

1. U(I'Tt) = U(t) for any T € O(n);
2. There exist a function ¢(-) of a scalar variable such that
U(t) = o(t7t).

For the proof, see Fang, Kotz and Ng (1987) [5].

From the theorem above we see that for spherical distributions the characteristic
function ¥(t) = E(exp(it? X)) = ¢(t”'t), and for this reason we will use the notation
X ~ S, (¢) when X is spherically distributed. The function ¢ given above is called
the characteristic generator of the spherical distribution.

Example 6.1. Let X ~ N(0,1,). Since the components X; ~ N (0,1),s=1,... ,n
are independent and the characteristic function of X; is exp(—t?/2), the character-
istic function of X is

1 1
eXp{—g(t% +.o )y = exp{—§tTt}.

From Theorem 6.1 it then follows that X ~ S, (¢) where ¢(s) = exp(—s/2).

The spherical distributions can be defined in an alternative and equivalent way.
This definition also provides the basis for many random variate generation tech-
niques.

Definition 17. An n x 1 random vector X is said to have a spherically symmetric
distribution (or simply spherical distribution) if it has the stochastic representation

X =4 RU (6.0.8)

for some positive random variable R independent of the random vector U uniformly
distributed on the unit hypersphere S,,_1 = {z € R"|z’z = 1}.

Spherical distributions can thus be interpretated as mixtures of uniform distri-
butions on hyperspheres with different radius.
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6 Elliptical Copulas

Example 6.2. For the standard multivariate normal distribution R ~ /x2. For
the standard multivariate t-distribution with v degrees of freedom R satisfies R? /n ~
F(n,v), where F(n,v) denotes the F-distribution with n and v degrees of freedom.

A random vector X ~ S,,(¢) does not necessarily have a density. However it
seems reasonable for our purpose to only consider spherical (and later elliptical)
distributions that possess densities. In this case it follows from Theorem 6.1 that
the densities must be of the form g(x”x) for some nonnegative function g of one
scalar variable. Hence the contours of equal density form spheres in R™.

Definition 18. An n x 1 random vector X is said to have an elliptically symmetric
distribution (or simply elliptical distribution) with parameters p and 3 if

X =g u+AY, Y ~ Si(¢) (6.0.9)

where A :n x k and AAT = ¥ with rank(X) = k.

It follows that the characteristic function can be written as

U(t) E(exp(it” X)) = E(exp(it” (AY + p)))
exp(it” 1) E(exp(i(ATt)"Y)) = exp(it” u)o((A"t)" (A"t))
)-

p(tTt

= exp(it’p

)¢
We write X ~ EC,, (i, X, ¢).
If Y has density g(y”y) and X is positive definite, then AY + p has density

1

mg((x —w)"S T (x = ),

so the contours of equal density form ellipsoids in R™.

If X ~ EC, (1,2, ¢), where ¥ is a diagonal matrix, then X has uncorrelated
components. If X has independent components, then X ~ N(u, ). Note that the
multivariate normal distribution is the only one among the elliptical distributions
where uncorrelated components imply independent components.

Given the distribution of X, the representation EC,,(u, >, ¢) is not unique. It
uniquely determines p but ¥ and ¢ are only determined up to a positive constant,
see Fang, Kotz and Ng (1987) [5]. We would like to have a representation such that
Cov(X) = X. Is there such a representation?

Cov(X) Cov(u+ AY) = AATCov(Y)
AATE(R*)Cov(U),

provided E(R?) < oo.

Let Y ~ N,(0,1,). Then we have Y =, ||Y||U, where ||Y] is independent of U.
Furthermore || Y |2 ~ x2, so E(||Y||?) = n. Since Cov(Y) = I,, we get the general
result:

If U is uniformly distributed on the unit hypersphere in R™, then Cov(U) =L, /n.
Thus Cov(X) = AATE(R?)1,,/n. By choosing the characteristic generator ¢'(s) =
é(s/c), where ¢ = E(R?)/n, we get Cov(X) = X. Hence an elliptical distribution
is fully described by its mean, it covariance matrix and its characteristic generator,
which can be chosen so that Cov(X) = 3.

Theorem 6.2. If X ~ EC,, (4,2, ¢), B is an m x n matriz of rank m (m < n)
and b is an m x 1 vector, then

b+ BX ~ EC,,(b + Bu, BEBT | ¢).
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6.1 The Gaussian Copula

This result provides a way to relate elliptical and spherical distributions. Let
Y ~ EC,(0,1,¢) and suppose that ¥ = AAT for some n x n matrix A. We have

X = p+ AY ~ EC (1,5, ¢). (6.0.10)

Thus for random variate generation from elliptical distributions, it suffices to gen-
erate variates from spherical distributions and then apply (6.0.10).

All marginal distributions of elliptical distributions are elliptical and have the
same generator. Let X ~ EC,,(u, X, ¢) and let X = (ﬁ;), where X; € RP and X5 €
R? (p+ g = n). Furthermore let E(X;) = p1, E(X2) = p2 and ¥ = ( gn 212 )

21 22
Then

Xy ~ ECy(p1,%11,90), X2 ~ ECy (12, Y22, ¢).

We assume that 3 is strictly positive definite. The conditional distribution of
X given X5 is also elliptical, but in general with a different generator ¢’:

X1|X2 ~ ECy(p1.2,%11.2,9'),

where 112 = p1 + S12¥22 (X2 — pi2) and Y112 = S11 — 12822 Do

Because all marginal distributions of an elliptical distribution have the same
characteristic generator, it follows that an elliptical distribution is uniquely deter-
mined by its mean, covariance matrix and knowledge of its type. Thus the copula
of an multivariate elliptical distribution is uniquely determined by its correlation
matrix and knowledge of its type.

6.1 The Gaussian Copula

The copula of the n-variate normal distribution with linear correlation matrix p; is
C’pcf“(u) =7 (@ (ur)y ..., @ Huy)), (6.1.1)

where @7 denotes the joint distribution function of the n-variate standard normal
distribution function with linear correlation matrix p; and ®~! denotes the inverse
of the distribution function of the univariate standard normal distribution. Copulas
on the form (6.1.1) are called Gaussian copulas.

In the bivariate case the copula expression can be written

27w e 1 2~ 2pst + 2
CS (u, v) :/ / — {_5 P8t + } ds dt.
—00 —o0 277(1 _pl) 2(1 _pl)

Furthermore, if Uy, ... ,U, have joint distribution function leia, where p* is
a linear correlation matrix then Uj,...,U, have a Spearman’s rank correlation
matrix (p;;) given by

6 *
pij = — arcsin ]
i e 7y
T 2’

and a Kendall’s rank correlation matrix (7;;) given by
P ] *
Tij = —arcsinpj;.

Example 3.5 shows that Gaussian copulas do not have upper tail dependence.
With similar calculations it can easily be shown that Gaussian copulas do not have
lower tail dependence.
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6 Elliptical Copulas

We now address the question of random variate generation from Gaussian cop-
ulas.
Suppose 3 = AAT for some n x n matrix A. Then if Z1,... , Z, ~ N(0,1)

X = p+ AZ ~ N, (11, %),

since E(X — p)(X — u)T) = AE(ZZT)AT = AAT = 3. One natural way of finding
A given X is by using the Cholesky decomposition of ¥. The Cholesky decomposi-
tion of ¥ is the unique lower-triangular matrix L with LLT = 3. Furthermore the
Cholesky decomposition is implemented in most mathematical software. This pro-
vides an easy algorithm for random variate generation from the Gaussian n-copula,
Cg“, parametrizised with the linear correlation matrix p;.

Algorithm 5.

Find the Cholesky decomposition A of p;.

Generate n independent variates z1, ... , z, from N(0,1).
Set x = Az.

Set u; = ‘I)(J?z),l =1,...,n

(U, v s Up) ~ Cpcf“.

As usual ® denotes the univariate standard normal distribution function.

6.2 The t-copula

The copula of the n-variate t-distribution with v degrees of freedom and linear
correlation matrix p; is

Clt/p]( ) @;Lp;(t;l(ul)v"' ’t;l(un)))

where ©F denotes the joint distribution function of the n-variate standard ¢-
distribution function with v degrees of freedom and linear correlation matrix p;
and t; ! denotes the inverse of the distribution function of the univariate standard
t-distribution with v degrees of freedom.

In the bivariate case the copula expression can be written

/t 1‘“)/1/ N L R
U 'U — 5 S
Chn D I A G e ’

where p; is the linear correlation coefficient.
The density function of the multivariate t-distribution is with v degrees of free-
dom is

Il(v +p)/2]

£60 = ety =P v e )T e ),

with v > 0. This distribution can be obtained by the transformation

\/;
X=—""=Z+u, 6.2.1
Sl (6.2.1)
where Z ~ N,(0,%) and independent of S, which is y2.
If (X7, X2) has a standard bivariate t-distribution with v degrees of freedom and
linear correlation p;, then X»|X; = z is t-distributed with v + 1 degrees of freedom
and

v+ z?
E(X2| X1 =2) =pzx, Var(Xa]|Xi=1z)= ( ” ) (1—pd).
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6.2 The t-copula

This can be used to show that the t-copula has upper (and lower) tail dependence.

Ay = 2 lim IP(XQ > $|X1 = J))

9 lim 7 v+1 1/2x—p1x
= im 7,
e A W V1—=p}
— 21%im? A S Ay
= 2lmbnl(727)  ioa
_ 5 <\/1/+1\/1—pl>

v+1 /—1+pl

From this it is also seen that the upper tail dependence is increasing in p; and
decreasing in v, as one would think. Furthermore since

thgo tu.pr = sza
the upper tail dependence tends to zero as the number of degrees of freedom tends
to infinity for p; < 1.
Coefficient of upper tail dependence for the bivariate t-copula.
[\ | -05] 0] 05] 09]1]
210.06|018]039]|0.72|1
410.01]008]025|063]1
10 | 0.00 | 0.01 | 0.08 | 0.46 | 1
00 0 0 0 01
The last row represents the Gaussian copula.
Equation (6.2.1) provides an easy algorithm for random variate generation from
the multivariate t-copula, C’,t,’ o

Algorithm 6.

e Find the Cholesky decomposition A of p;.

e Generate n independent variates 21, ... , z, from A(0,1).
e Generate a variate s from x?2 independent of z1,... , z,.
o Sety = Az

e Setx= T:y.

o Setu; =t,(x;),i=1,...,n.

o (u1,...,un) ~Cf .

Here, ¢, denotes the univariate standard t-distribution function with v degrees of
freedom.

Figure 6.1 and 6.2 show bivariate distributions with Gaussian and t-copulas. All
four distributions have linear correlation 0.8. For the bivariate distributions with
t-copulas the plots show that extreme values have a tendency to occur together.
This is due to the tail dependence of the t-copulas. It can also be seen that this is
not the case for the bivariate distributions with Gaussian copulas.

The algorithms presented for the Gaussian and t-copulas are fast and easy to
implement. We want to emphasize the potential usefulness of t-copulas as an alter-
native to Gaussian copulas. Both Gaussian and t-copulas are easily parametrizised
by the linear correlation matrix, but only t-copulas give dependence structures with
tail dependence.
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6 Elliptical Copulas

Gaussian t

12
12

10

Y1l

Figure 6.1: Samples from two distributions with Gamma (3, 1) margins, Linear cor-
relation 0.8 and different dependence structures. (X1,Y1) has a Gaus-
sian copula and (X2,Y2) has a ts-copula.
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6.2 The t-copula

Gaussian t
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X1 X2

Figure 6.2: Samples from two distributions with standard normal margins, Linear
correlation 0.8 and different dependence structures. (X1,Y1) has a Gaus-
sian copula and (X2,Y2) has a ts-copula.
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7 Extreme Value Copulas

7.1 Univariate Extreme Value Theory

Let X1, X5,... be iid random variables with continuous distribution function F'.
Let S, = X1+ ...+ X, M,, = max(Xy,...,X,,) and L, = min(Xy,...,X,).
Furthermore let xp, given by

xp=sup{z € R: F(z) <1} < o0
x

denote the right endpoint of F. It can be shown that M,, — zp as n — oo. If X;
has finite mean and variance p and o2 respectively, we know from the central limit
theorem that

P[(Sn — np)/Vno? < z] — ®(z) as n — oo,

where ® is the distribution function of the standard normal distribution. What
about normalized maxima and minima? Consider possible limiting distributions
for (M,, — an)/b, and (L, — ¢,)/dn as n — oo for suitably chosen sequences

{an}, {bn},{cn},{dn}. Since
min(le s 7Xn) = —maX(—Xl, . 7_Xn)

it is sufficient to study the case of maxima. The sequences {a,} and {b,} we are
interested in are such that

P[(M,, — ay)/bn, < z] = PIM,, < ay, + bpx] = F"™(ay, + bpz) — H(z),

as n — oo for some non-degenerate distribution function H, i.e. {H(z)|zx € R} #
{0,1}. The three possible types for H are called univariate (max) extreme value
distributions and are given by:

e Fréchet
0, z <0
$a() = { exp(—z~%), x>0 a>0
e Gumbel
Alz) =exp(—e™™), z€eR
e Weibull

Walo) = { ap(—(-2)?), <0y

1, z >0
We say that two random variables U and V are of the same type if and only if
U=4aV +bforb>0,a€cR.
This means that
Fy(z) = Fy((z —b)/a)

and hence random variables of the same type have the same distribution function
up to changes of scale and location. Thus in the non-degenerate case the only
possible limits of (M, — a,)/b, are the location-scale families based on the above
three distribution functions. In this case we say that F' is in the maximum domain
of attraction of H,

F e MDA(H).
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7 Extreme Value Copulas

Example 7.1. Exponential. Fi(z) =1—e %,z > 0. Let a, = lnn,b, = 1; then

1
F™(ap, +bpz) = (1— eilnnfz)” =(1- ﬁefz)” — exp(—e?),

—00 < z < 0o. Hence F € MDA(A).
Pareto. F(z) =1—2"'7 2 > 1,7 > 0. Let a, = 0,b, = n"; then

1
Fn(an + bnz) = (1 - _Zil/v)n - eXp(_zil/v)a
n

2> 0. Hence F' € MDA(¢1/+).

Beta. F(z) =1—(1—x)"'/7,0 <z < 1,7 < 0. Note that the right end point of F
is finite. Let a, = 1,b, = n”; then

F(an +bpz) = (1— %(_2)71/7)71 - exp(_(_z)fl/"/)v

2 < 0. Hence FF € MDA(V_y/,).

As indicated by the above example, in the non-degenerate case the type of
the limiting distribution (H) depends on how heavy tailed the distribution under
consideration is.

After location/scale changes, the three types can be combined into the generalized
extreme value (GEV) family

oy ep(=(1 4 qz) T,y £,
H(£77)_ { exp(_efx)’ ’)’:0
where 1 +~z > 0. It follows that
H((z —1)/v;7) = ¢1/4(2), ~7>0,
H(z;0) = A(z), ~=0,
H(—(z+1)/7v;7) = ¥_1/5(2), 7<0.

Furthermore the three-parameter GEV model is given by

Hy po(7) = H((x — p)/o;7).

Univariate extreme value theory provides many useful applications in various
fields. However since we in this paper focus on modelling dependence we refer
to Embrechts, Kliippelberg and Mikosch (1997) [4] and Joe (1997) [6] for further
results on univariate extreme value theory.

7.2 Multivariate Extreme Value Theory

Let (Xi1,...,Xim),t = 1,2,... be iid m-variate random vectors with distribution
function F'. Let M;; = maxi<ij<n X;;,7 = 1,... ,m be the componentwise maxima.
Multivariate extreme value (MEV) distributions come from limits of random vectors
((My1n—a1n)/bin, - (Mpmn—@mn) /bmn). If alimiting distribution exists, then each
univariate margin of this distribution is an univariate extreme value distribution
(member of the GEV family). Furthermore, it can be written in the form

C(H(z157)s - » H(zm;vm))s (7.2.1)

where H(z;;7;) are GEV distributions and C' is an m-copula. It is not surprising
that the univariate margins are in the GEV family. Our interest lies rather in the
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7.2  Multivariate Extreme Value Theory

copula C given by (7.2.1).
Let (M, ..., Mpmyy) be a vector of componentwise maxima of iid random vectors
(Xi1,. .., Xim) from F, and suppose

G(z) = lim F"(a1n +b1n21, - Gmn + bmnzm)
= lim P[Mln < a1n + blnzla s 7an < mn + bmnzm)]

C(H(Zl;’yl)v s 7H(Zm;7m))'

Let r; be a strictly increasing transform of X;;, and let the transformed variables and
maxima be denoted X; and M}, respectively. Furthermore suppose that (M]f"n -
a3,)/b, converges in distribution as n — oo for all j. Let

G(z) = lim P[My, <aj, +07,27, . s My, < ag + b2,

n—00

= C"(H(z577)s - H(znivm))-

It can be shown, see Joe (1997) [6], that C = C*. This basically means that we
can obtain MEV distributions by taking margins and constants a;, bj, that lead
to easier calculations. In Joe (1997) [6] it is also shown that for an m-variate MEV
distribution with copula C'

Clut, ... ul)=C"u,... un) (7.2.2)
for all £ > 0. We call copulas satisfying this condition extreme value copulas.
Example 7.2. Consider the bivariate Gumbel family of copulas given by

Colu,v) = exp(~[(~ nu)? + (— nw)?]/9),

for > 1. It is easy to show that these copulas satisfy (7.2.2) for extreme value
copulas. Furthermore, the multivariate extension of this family discussed in chapter
5.5 also satisfies (7.2.2).

The next theorem states that for a bivariate copula with upper tail dependence,
the extreme value limit has the same coefficient of upper tail dependence. Clearly
the result also holds for bivariate margins of a multivariate copula.

Theorem 7.1. Let C be a bivariate copula and let F'(r1,12) = C(1—e™"1, 1—e™ "2
Suppose lim,_1— C(u,u)/(1 —u) = Ay, where Ay € (0,1] and lim,_ o F™(z1
Inn,zs + Inn) = H(x1,x2) with margins exp(—e~%7),j = 1,2. Let C*(uq,uz)

H(—In(—Inwu), — In(—Inuy)). Then limy,_;_ C (u,u)/(1 —u) = Ap.

).
+

For the proof, see Joe (1997) [6].
Example 7.3. Consider the bivariate copula
Co(u,v) =1 = ((1 =w)’ + (1 = v)’ = (1 —u)’(1 = v)")"/*

for 1 < 6 < co. This is a strict Archimedean copula with

1
e Ns)=1—(1—e*)" and o V(s) = —5(1 — e )i,
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7 Extreme Value Copulas
It follows from Theorem 5.6 that
—_1/
v 2 9lim (£ (29
s—0 ()0—1 (S)

_ ,—2s\1/6—1_,—2s
— ooy (UZ e
$—0 (1 _ 6725)1/0716725

= {"=1+z2+0(2?)}

(=25 4+ O(s?))1/0-1
(—s+0(s2))1/6-1 >
= 2-_22V/0-1—9_9ol/0

= 2—2lim(

s—0

The upper extreme value limit of Cy is the Gumbel family with coefficient of upper
tail dependence 2 — 21/? as shown in Example 3.4.

Three one-parameter bivariate families of extreme value copulas are

Co(u,v) = exp(=[(—Inu)? + (—Inw)?]+/), (7.2.3)

Co(u,v) = wvexp((—Inu)™? + (—Inwv)~%)~/9), (7.2.4)
1 6 Inu 1 6, Inv

Co(u,v) = exp(lnu@(a t3 ln(m)) + lnv@(g +3 ln(m))) (7.2.5)

for 8 > 1,0 > 0 and 6 > 0 respectively. (7.2.3) is the Gumbel family, (7.2.4)
is the Galambo family and (7.2.5) is the Hiisler and Reiss family. All three have
upper tail dependence and Cyp = II for § = 1,0 and 0 for (7.2.3), (7.2.4) and
(7.2.5) respectively. Furthermore Co, = M for all three. Multivariate extensions of
these bivariate extreme value copulas are discussed in Joe (1997) [6]. One of these
extensions is the multivariate extension of the Gumbel family presented in chapter
5.5.

Consider a multivariate distribution function F. Finding the multivariate lim-
iting distribution is often much more difficult than in the univariate case since
it means finding sequences {a;jn}, {bjn} for j = 1,...,m such that ((My, —
a1n)/b1ny - -« s (Mmn — Gmn)/bmn) converges in distribution. Results concerning do-
mains of attraction of multivariate extreme value distributions can be found in
Marshal and Olkin (1983) [11]. One example is the following theorem.

Theorem 7.2. Let G be a k-dimensional (max) extreme value distribution such
that G; is of type A for i = 1,... k. Let ¢i(t) = Efl(ﬁ(t)), i=2,...,k,
ri(t) = F!/(t)/Fi(t) and 29 = sup{z : F(z) < 1}. Then F € MDA(G) if

Py iy + 60, iy 4l0)
t—a? ]-_Fl(t)

=-InG(x) (7.2.6)

for all x such that G(x) > 0.
An application of this result is shown in the following example.

Example 7.4. Consider the bivariate dependence model
X1 = min(Zl, Zlg), X2 = min(Zg, Zlg),

where Z1, Zs and Zyo are independent exponentially distributed random variables
with parameters A1, A2 and 12 respectively. Let X7 and X5 have joint distribution
function F', where F' has margins F; and Fb.

F(:L‘l,xg) = ]P[Xl > xl,Xg > LEQ]
= ]P[Zl > xl]]P’[Zg > xQ]]P)[Z12 > max(ml,xg)]
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7.2  Multivariate Extreme Value Theory

and hence Fy(z) = 1 — exp(—(A1 + A12)z) and Fa(x) = 1 —exp(— (A2 + A2)x). It
follows that Fy, Fo € MDA(A). With the notation used in Theorem 7.2 we have

ri(t) = Fi(t)/Fi(t) = (A 4 Aiz) exp(—(A1 + A12)t) / exp(—(A1 + Ai2)t)
- )\1 + >\12;

Tg(t) =...= A+ A12,

Ga(t) = o (F(t)) = — sty Inem it = Qg

29 =sup{x : Fi(z) < 1} = o0.

Furthermore

F($1,$2) = F(l‘l_,l‘g) + Fiﬂ?l) + FQ_(J,‘Q) -1,
1-— F((El,xg) = Fl(il) + FQ({EQ) — F(l‘l,xg)

= {_F(J?l, 132)_2 F1 ($1)_F1($1£3Xp()\12 min(xl, 1‘2))}
=F (1‘1) + FQ(LL‘Q) — F ((El)FQ ({EQ) exp()\lg min(fcl, LEQ))

Hence
1-F (I1+()\1+)\12)t I2+()\1+)\12)t)
Mthe T Aethe e e — T M1 (Y)
1-— F1 (1‘1) ’
where
. A12T1 A12T2 A1+ Aot
h(t) = exp(min(—A\1t + —————, — A1t — Aot + + A t)).
®) p(min(=As A1+ A2 ! PO A PN+ A2 )

Hence the right side of equation (7.2.6) is

e "t e T2 — e 172 lim h(t).

t—oo
Consider the case when max(A;, A2) > 0. Then lim;_. o h(t) = 0. From Theorem
7.2 it follows that
—InG(z1,22) = e +e ™ —
Glor,22) = exp(—e™ — ) =TI(e= ™, ),

Consider the case when Ay = Ag = 0, A\12 > 0. Then lim;_, o h(t) = exp(min(z1, z2)).
From Theorem 7.2 it follows that
—InG(z1,29) = e % 4 %2 — g T T2tmin(@,es)
— Ty w2 _ o max(e1ma)
— T4 T2 _ gmin(—71,~a2)
= e "' 4e " —min(e "', e "?)
= max(e ", e ") =
G(z1,22) = exp(—max(e ', e "?))
= exp(min(—e~ ", —e™?))
= min(e_eﬂ1 , e_eiwz)
= M(e® e ).
Thus F € MDA(G) where G is given by

e " e ™) max(\g, A2) >0

G , = —xq —T2
(371 .132) { M(e_e e~ ) A =X = 0, A2 >0

This shows that bivariate vectors with a Marshall-Olkin copula gives perfect positive
dependence or independence in the limit for componentwise maxima, depending on
the parameterization of the copula.
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8 Mixture of Extremal Distributions

Theorem 8.1. Let X, Y and Z be random variables with joint distribution function
H and continuous margins F1, F» and F3 respectively.

1. If (X,Y) and (Y, Z) are comonotonic then (X, Z) is also comonotonic and
H(z,, =) = min{ Fy(2), Fa(y), Fi(2)}.

2. If (X,Y) is comonotonic and (Y, Z) is countermonotonic then (X, Z) is
countermonotonic and H(z,y, z) = max{0, min{Fy(x), Fa(y)} + F5(z) — 1}.

3. If (X,Y) and (Y, Z) are countermonotonic then (X, Z) is comonotonic and
H(z,y, 2) = max{0, min{ Fy (z), F3()} + Fa(y) — 1}

For the proof, see Embrechts, McNeil and Straumann (1999) [3].
Let pmax and ppin denote the maximum and minimum attainable correlations
between two random variables with given univariate distribution functions.

Theorem 8.2. Let Fy,... ,F,, n > 3, be continuous distribution functions and
let p be a proper correlation matrix satisfying the following conditions for all i # j,

1#k and j #k:

to e =

F}
- If pij = pmax(Fi, Fy) and pix = pmin(Fi, Fi) then pjrx = pmin(F}, F1.),
4. If pij = pmin(Fi, F;) and pix, = pmin(Fi, Fr) then pjr = pmax(Fj, Fr).
Then there exists a unique distribution with margins Fy, ..., F, and correlation

matriz p. This distribution is known as an extremal distribution. In R™ there are
271 possible extremal distributions.

) P
If Pij = pmax(Fi7 ) and Pik = pmax(F:h Fk) then Pik = pmax(Fj; Fk)7
( )
)

Proof. Without loss of generality suppose

L pmax(FlvFj)a 2§j§m§na
P = pmin(FlaFj)a m<]§n;

for some 2 < m < n. The pairwise relationship of any two margins is deter-
mined by their pairwise relationship to the first margin. The margins for which
p1; takes a maximal value form an equivalence class, as do the margins for which
p1; takes a minimal value. Hence (X1,..., X,,) must be pairwise comonotonic and
(Xm+1,- .-, Xp) must be pairwise comonotonic, but (X, X;) where 2 < k < m and
m < | <n must be countermonotonic. Thus for m < n the random vector

(FrH U)o FHU) Friy (U), - FHU))

m

has the required joint distribution, where U ~ U(0,1). Furthermore, for m < n

F(x1,...,z,) = max{0, 11<1r11<n Fi(z;) + min Fj(z;) — 1},

m<i<n
and for m =n

Fzy,...,2n) = 12,1%1”3(%)
This also shows the uniqueness of distributions with pairwise extremal correlations.
Since X7 and X; for 2 < i < n are either comonotonic or countermonotonic there
are 27! possible extremal distributions. [l

If p denotes a measure of association such as Kendall’s tau or Spearman’s rho
then all correlation values in the interval [—1, 1] can be obtained by a suitable choice
of the copula. This is however not the case when p denotes linear correlation as
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8 Mixture of Extremal Distributions

shown in Example 3.3. With this in mind we will in this chapter use rank correla-
tions as measure of association. By only allowing rank correlations we also avoid
having to make certain assumptions about the margins and can present most results
only in terms of copulas. For the more general case we refer to Tiit (1996) [17].

When rank correlation is chosen as measure of association the above theorem
can be restated in the following form.

Corollary 8.1. Let Fy,... ,F,, n >3, be continuous distribution functions and
let p be a proper rank correlation matriz satisfying the following conditions for all

i#j, i4k and j# k:

1. piy € {~1.1},

2. ]fp” =1 and Pik = 1 then Pik = 1,

3. If pij =1 and py, = —1 then pj = —1,
4. If pij = =1 and py, = —1 then pjr = 1.

Then there exists a unique distribution with margins Fy, ... , F, and rank correlation
matriz p. This distribution is known as an extremal distribution. In R™ there are
271 possible extremal distributions.

Since the pairwise rank correlations of the continuous random variables X1, ... ,
X, are invariant under strictly increasing transforms of X1,... , X,, we can without
loss of generality consider the uniform (0, 1) random variables Uy ... U, instead. To
get back to the situation presented in the theorem above we need only apply the
strictly increasing transforms F|~ Lo JECL

Definition 19. Let J° = {1,... ,n} be a given index set, and let J = {i1,... ,i,}
be an arbitrary subset of J, satisfying the condition

1eJ

Let J¢ = JO\J = {j1,...,js}, where s = n — q. Then the pair (J, J¢) defines a
partition of the index set J°.

Theorem 8.3. Let (J, J¢) be a given non-trivial partition of the index set {1,... ,n}.
Then the function C*7° from I' to I, defined via

P (g ) = max(0, (min v, + mip u, = 1),

is an n-copula. If J ={1,... n}, then
CJ’JU(ul, cee s Up) = min(Ug, ..., Up).
C’7" is said to be extremal.

Proof. That C77° satisfies the boundary conditions for a copula is obvious. Fur-

thermore, for all n-boxes B with vertices (a1, ... ,an), (b1,... ,b,) € I" with ax < by,
we have
Vorr(B) = Db A Ch7(e),
= Vw(B),

where B’ is the rectangle [min;e s a;, minje ye a;] X [min;e y b;, minje ye b;]. But since
B’ C 1? and W is a copula Vi (B’) > 0. Thus C”7" is an n-copula. O

60



The copula C”»7" is the copula of random variables X1, ... , X,, such that those in
{X;|i € J} are pairwise comonotonic and those in {X;|i € J¢} are pairwise comono-
tonic but two random variables taken from different groups are countermonotonic.
If J={1,...,q} then C’/* is the copula of the random vector

1 — —1 —
(FyNU),... . F,NU), F (=), ,F, ' (1=U)).

To clarify the results obtained so far we begin with presenting the 2" ! random
vectors in I" having extremal distributions and their corresponding extremal rank
correlation matrices for n = 3.

The distinct random vectors (U, Uz, Us) having extremal distributions, U is a
uniform (0, 1) random variable:

U, U,U),(U,U,1-U),(U,1-UU),(U1-U,1-U).

Their corresponding extremal matrices in the above order:

11 1 1 1 -1 1 -1 1 1 -1 -1
11 1|, 1 1 -1 |,{-1 1 -1, -1 1 1
11 1 -1 -1 1 1 -1 1 -1 1 1

The extension to higher dimensions is obvious from the above random vectors and
their corresponding rank correlation matrices. Some properties of extremal copulas
are the following;:

1. An extremal copula is singular.

2. The support of each extremal copula is one of the diagonals of I".

3. Any k-marginal C4 of the extremal copula C”/°, defined by the index set
A={ai,...,a}, is the the copula M* if AC Jor A C J°.

4. The rank correlation matrix p”/° of the extremal copula C'’/*
is defined in the following way:

Jgr¢ [ 1 ifieJandjeJorie Jand j € J¢,
Pij =\ -1 ifieJandje JCorie Jand j € J.

A correlation matrix consisting of maximal and minimal correlations is said to
be an extremal correlation matrix.

The extremal copulas and the extremal rank correlation matrices depend only
on the partition (J, J¢). The connections between them is as stated in the following
theorem.

Theorem 8.4. The set of extremal copulas and the set of extremal rank correlation
matrices are in one-to-one correspondence.

Proof. From 3. and 4. above follows that the rank correlation matrix of an extremal
copula is extremal. To establish the opposite correspondence, we show that a given
rank correlation matrix p* uniquely defines a partition (.J, J¢) of the index set J°.
Given p* it is easy to recover the partition (J, J¢) in the following way:

i€ J, ifpt=1,i€J°, ifpt,=—1,i=1,... . n.

It is obvious that the partition given by this procedure is unique. [l
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8 Mixture of Extremal Distributions

Let G;’,j =1,...,2" ! denote the extremal distributions with margins I, ... , F},
and rank correlation matrices p7. Convex combinations
gn—1 gn—1
Y=Y NGRA =0, N =1, (8.0.7)
j=1 j=1

n—1
have the same marginals and rank correlation matrix given by p} = E?:l Ajpy-

The subscript A is to indicate that the chosen coefficients in the convex combination
is relevant.
The problem we will study in this chapter is the following:

Given marginal distributions Fi,... , F, and an n x n rank
correlation matrix p, are there coefficients A; such that G
given above has those margins and rank correlation matrix?

Since all choices of coefficients A; in the convex combination will result in G} having
the prescribed margins, the problem only lies in whether there exists A;:s such that
p has a convex decomposition in the class of extremal rank correlation matrices
pjyj=1,...,2"" 1 Thus the problem can be restated:

Given an arbitrary n X n rank correlation matrix p, is

there an n-vector \ such that

2n71 on— 1

p=Y_Npl A =0, N=1 7
j=1 j=1

This can be formulated in an alternative way:

Given an arbitrary n X n rank correlation matrix p, is
there a non-negative solution to the equation system

271,—1 271,—1
SNl —p=0,> " X-1=0 7 (8.0.8)
j=1 j=1

However, there exist rank correlation matrices that are not decomposable in the
class of extremal rank correlation matrices. And if such a decomposition exists, it
is in general not unique. Examples of such matrices are easy to find.

Example 8.1. Consider the linear correlation matrix p given by

1 03 02 0.5
0.3 1 04 0.7
0.2 04 1 08
0.5 0.7 0.8 1

It is easily verified that p is positive-definite, and hence a proper linear correlation
matrix. By applying the transformation

6 . Pij

: pij — — arcsin —=,

f Pij - B

to all elements in p, f(p) is a proper Spearman’s rank correlation matrix for some
Gaussian copula. We now look for a nonnegative solution to the equation system
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(8.0.8); that is, we look for a convex-extremal decomposition of f(p). Standard
techniques for solving linear equation systems then gives

M +As = 0.713...,
Xo—ds = —0.247...,
A3 —Xs = —0.100...,
M+ As = 0278...,
As—ds = —0.098...,
Xe+As = 0.228...,
A+ = 0.226....
It is obvious that there is no Ag € [0, 1] such that A; € [0,1] for ¢ =1,...,7. Thus

f(p) is not decomposable in the class of extremal rank correlation matrices.

Hence the question above is somewhat ill-posed. The problem is rather find-
ing sufficient conditions on a rank correlation matrix p so that it has a convex
decomposition.

This equation system consists of 2"~ variables and n(n — 1)/2 + 1 equations.
For n = 3 it is quite easy to find sufficient conditions for the equation system above
to have a nonnegative solution in terms of the three upper (lower) diagonal elements
in p. For higher dimensions it looks somewhat harder.

If a convex-extremal decomposition of a rank correlation matrix exists, then
there exists a decomposition not having more than n(n —1)/2 + 1 terms.

Even if a certain rank correlation matrix has a convex decomposition in the
class of extremal rank correlation matrices it is not obvious how to find it for higher
dimensions. When n = 30 solving the equation system (8.0.8) means solving an
equation system with 436 equations and 536870912 variables.

Assume now that we have found a decomposition of the given rank correlation
matrix p in terms of the coefficients A; in the convex combination. Then G given by
(8.0.7) is a mixture of extremal distributions having the given marginals Fi, ..., Fj,
and rank correlation matrix p. Random variate generation from the distribution

% presents no problem.

The order of the extremal distributions G is as follows (presented for n = 3).
(Ffl(U)v F271(U)a F?TI(U)) ~ G%v (Flil(U)a FEI(U)a F?jl(]- - U)) ~ G%a
(Ffl(U)v F271(1 - U)? F371(U)) ~ Gga (Ffl(U)v F271(1 - U)a F?:l(l - U)) ~ GZ
For the general case note the analogue of the representation of j — 1 as a binary
number (U ~0and 1 —U ~ 1).

Algorithm 7.

e Generate independent uniform (0, 1) variates ¢ and u.
e Choose the index j such that

i
j =min{i > 1|Zx\k > q}.
k=1

o The desired random variate from GY is:

(Ffl( (w), ..., E7(al(u))), where
(al(x),...,al(x)) = (x,...,2) = (b1,... ,bp)(2x —1).

(b1, ... ,by) is the binary representation of j — 1, where b,, is LSB and
b1 is MSB.
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8 Mixture of Extremal Distributions

To clarify the last step:

(a1(2), a3 (), az(z)) (2,2, ),

(ai(2), d3(x), a3(z)) = (J? z,1—x),
(ai(2), a5(2),a3(z)) = (=, ),
(a‘f(x),aé(m),a%(x)) = (z ,1—%,1—%).

The algorithm can be explained in the following way: Pick one of the 27! extremal
copulas, where the kth extremal copula is picked with probability A;. Generate a
random variate from this copula.

To clarify the results obtained so far consider the following example.

Example 8.2. Consider the problem of simulating from an extremal copula with
rank correlation matrix, p, given by

1 03 02
0.3 1 04
0.2 04 1

First of all we need to find a convex decomposition of p in the class of extremal
rank correlation matrices. That is, we need to find an nonnegative solution to the
equation system

where

111 1 1 -1

3 _ 3 _

P1 = 1 1 1 yP2 = 1 1 -1 )
111 -1 -1 1
1 -1 1 1 -1 -1

pp=1 -1 1 -1 |, p3= -1 1 1
1 -1 1 -1 1 1

This equation system can be written

1 1 -1 -1 A 0.3
1 -1 1 -1 Xo | | 02
1 -1 -1 1 X3 | T 04
1 1 1 1 Ay 1

Solving the equation system yields
A1 = 0.425, Ao = 0.225, A3 = 0.175, Ay = 0.175.
From Theorem 8.3 it is clear that the resulting copula, C, is given by
C(ui,u2,us) = 0.425 min(uy,us,us) +
0.225 max(min(uy, ug) + uz — 1,0) +
0.175 max(min(wy, ug) + uz — 1,0) +
0.175 max(uq + min(ug, us) — 1,0).

To simulate from this copula we simply apply Algorithm 7. To clarify we show an
example of how this algorithm produces one random variate.
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e Generate independent uniform (0, 1) variates ¢ and u.
Assume that this gives ¢ = 0.6 and v = 0.2.
e Choose the index j such that

j=min{i > 1) A\ > q}.
k=1

Since A1 < g and A\; + Ay > g we get j = 2.
e The desired random variate from C' is:
(a1(w), (a3(u), (a3(u)), where

(a%(u)a a%(u)a (ag(u)) = (ua uvu) - (Oa 07 1)(2u - 1)
= (u,u,1—wu)=(0.2,0.2,0.8).

Note the similarity with the binary representation of j — 1 =1 (u ~ 0,
1—u~1).

When many random variates are produced according to the algorithm, the rank
correlation matrix of the data is very close to p.

Example 8.3. Consider the following problem: We are given margins Fi, ..., Fy
and rank correlation matrix p given by

1 0.1 —-0.1 -1
0.1 1 0.7 —0.1
—0.1 0.7 1 0.1
-1 =01 0.1 1

This is a positive-semi-definite matrix (however not positive-definite since det(p) =
0) and hence a proper rank correlation matrix. We want to find a distribution
with this rank correlation matrix, which belongs to the family of mixtures of ex-
tremal distributions obtained from convex combinations of extremal distributions
with margins Fi,..., Fy. In other words we want to find a convex decomposition
of p in the eight extremal rank correlation matrices. Simply solving the resulting
equation system

1 1 1 -1 -1 -1 -1 0.1

1 -1 -1 1 1 -1 -1 -01
-1 1 -1 1 -1 1 -1 -1

1 -1 -1 -1 -1 1 1 0.7 |,
-1 1 -1 -1 1 -1 1 -01
-1 -1 1 1 -1 -1 1 0.1

1 1 1 1 1 1 1 1

e e e

given by (8.0.8) and only allowing nonnegative solutions yields
A1 =0, =0.425, A3 = 0, Ay = 0.125, A5 = 0, A\ = 0.25, A7 = 0, \g = 0425,

as the only solution (note that in general the decomposition is not unique). From
Theorem 8.3 it is clear that the resulting copula, C, is given by
C(uy,ug,uz, ug) = 0.425 max(min(uy, uz, ug) +ug —1,0) +
0.125 max(min(uy, ug) + min(us, ug) — 1,0) +
0.25 max(min(uy, us) + min(ug, us) — 1,0) +
0.425 max(u; + min(ug, us, uq) — 1,0).
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8 Mixture of Extremal Distributions

It then follows that the desired distribution is given by
F(l‘l, 2,3, $4) - C(Fl(l'l), FQ(J:Q)) F3(£3)7 F4(J','4))

Random variate generation from the this distribution, a mixture of extremal distri-
butions, is then straight forward according to the above algorithm.

Extremal distributions are not only of theoretical interest as shown in the fol-
lowing example.

Example 8.4. Consider prices on put and call options, with different exercise
prices and a fixed time horizon T', on some underlying stock. At time ¢t < T it
seems reasonable to model pairs of prices on one put and one call as countermono-
tonic and pairs of prices on only puts or only calls as comonotonic if the exercise
prices are not too obscure and if T — t is not too small.
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9 Modelling Extremal Events in Practice

9.1 Pricing Risky Insurance Contracts

Consider a portfolio consisting of n risks Xi,...,X,, which are positive. Let the
risks represent potential losses in dependent lines of business for an insurance com-
pany. Suppose that losses not greater than k1, ... , k, can be accepted, and that the
insurance company wants to buy protection against the situation where [ or more
of the losses simultaneously exceed their respective thresholds k1, ... , k,. Suppose
that a reinsurance company offers to sell a contract which makes a payout only in
the case that at least [ of the n risks exceeds their thresholds. To begin with we will
look at the probability that a payout is made. Later we will look at the expected
size of the payout under the assumption that losses which exceed their thresholds
are paid in full.

Assume historical data are available allowing estimation of

e marginal distributions;

e pairwise rank correlations.

Let
N = |{ZE {1,...,n}|Xi > k?z}|

be the number of losses exceeding their thresholds and let

L= Lin>y Z (Xi]-{X,1>k7:})

i=1

be the loss to the reinsurer.

Suppose that the contract the insurance company is interested in is the one
for which the losses are paid in full when all losses exceed their thresholds. If the
insurance company holds this contract it has full protection against simultaneous
big losses in all lines of business no matter how big the total loss is. The probability
of payout is then given by

PN =n] =H(ky, ... k).

Unfortunately a good estimation of the joint distribution, H, is not realistic due to
lack of data and theoretical difficulties. However, data from the previous year(s) en-
able estimation of the Kendall’s tau rank correlation matrix via the sample version.
Furthermore, estimation of univariate marginal distributions is well understood.
Hence we can assume that rank correlations and margins are given. Since

H(z1,...,0,) = C(Fi(21),...,Fn(x)),

the payout probability can not be calculated without choosing a suitable copula
representing the dependence structure among the n risks. The standard approach
might be to choose a Gaussian copula, given by

Cg“(u) = o) (@ (ur),. .., 2 (un)),

where @7 denotes the joint distribution function of the n-variate standard normal
distribution function with linear correlation matrix p; and ®~! denotes the inverse
of the distribution function of the univariate standard normal distribution. To
parametrizise the Gaussian copula from the estimated Kendall’s tau rank correlation
matrix the relation

p1 = sin(n7/2)
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9 Modelling Extremal Events in Practice

is used, where 7 stands for Kendall’s tau.

However, this choice of copula might prove dangerous. Since the value of the
contract depends on simultaneous exceedences, a copula such as the Gaussian would
result in a price too low if the true dependence structure has the property of upper
tail dependence and the thresholds were high enough. The seller of the contract
would then tend to undervalue the contract. A safer approach from the sellers point
of view would be to use a Gumbel copula. From the expression for the bivariate
Gumbel survival copula it follows that for the bivariate case the probability of
payout is given by

PN =2] = C(Fi(k), Fa(k))
= (k) + Falka) = 1+ exp (= [(=In By (k1)) + (~ In Fa(k2))"")
For higher dimensions we use the multivariate extension of the Gumbel family
presented in chapter 5.5. For the trivariate case we have
PIN=3] = C(Fi(k), Fa(k2)Fs(ks))
= Fi(k1) + Fa(k2) + Fs(ks) — 2
+Co, (F1(k1), Fo(k2)) + Co, (F1(k1), F3(k3)) + Co, (F2(k2), F3(ks))
_C91792 (Fl (kl)a FQ(kQ)a F3(k3))7

where
Co,(u,v) = exp (=[(= mw)® + (~ lnw) /%)

and

1/01
Co, .0, (U1, u2, uz) = exp{— ([(— lnu1)92 + (- 1an)92]91/92 + (- lnu3)91> }.

To parametrizise the Gumbel copulas the relation

b= — 1 i1 -1
1 —7T1n—it1
is used.
To compare the effect of the Gumbel dependence structure with the Gaussian, let
X, ~Lognormal(0, 1) for all 4, k; = k for all ¢ and 7(X;, X;) = 0.5 for all i # j.
This gives

B[N =] = 1+ (1)} (’f) CL(P() + -+ (—1)" (Z) CuF ()., F(K)),
where C1(u) = u and Cp,(u1, ..., Up) is the m-margin of Cy(uq,...,uy) for m €
{2,...,n—1}.

In the Gumbel case
Con(F(k), ..., F(k)) = exp{—[(—=In F(k))’ + -+ + (= In F(k))’]"/°} = F (k)™
and in the Gaussian case

Con(F(k), ... F(k)) = @ (T (F(K)), ..., 2 (F(k))),

1/0

where (to avoid complicated notation) p; = sm(%r) denotes the single parameter of
the equicorrelated Gaussian copula. ®7(®~'(F(k)),...,® ' (F(k))) can be calcu-
lated by numerical integration using the fact that (see Johnson and Kotz p.48 [8])

S (a,. .. a) = /_Z¢(x)[<1> (%) |™ da,
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9.1 Pricing Risky Insurance Contracts
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Figure 9.1: Samples from two distributions with standard lognormal margins,
Kendall’s tau 0.5 and different dependence structures.
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Figure 9.2: Probability of payout for n = 3 when the dependence structure is given
by a Gumbel copula (upper curve) and Gaussian copula (lower curve).
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Figure 9.3: Probability of payout for n = 5 when the dependence structure is given

by a Gumbel copula (upper curve) and Gaussian copula (lower curve).
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9.1 Pricing Risky Insurance Contracts
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Figure 9.5: EGumbel([, ) (upper curve) and EG2ussian ([ ) (lower curve) for n = 3.
Simulation results.

where ¢ denotes the univariate standard normal density function. Note that for
k =VaRg.99(X;) = 10.25 the calculated payout probability calculated under Gaus-
sian assumptions in the trivariate and 5-variate cases is a factor

PGumbel[N _ 3] ~37 o PGumbel[N — 5]

P Gaussian [N — 3] P Gaussian [N — 5] ~ T3

too low if the true dependence structure is given by a Gumbel copula. So even if
the estimates of margins and rank correlations are the best possible the model risk
from careless dependence assumptions might be very big even for small n.

It is clear that for calculating the payout probability P[N = n] it is highly relevant
to determine if the underlying dependence structure has the property of tail depen-
dence. However, this is an asymptotic property and it is quite likely that due to the
limited amount of data it is far from obvious whether the underlying dependence
structure has tail dependence.

Suppose for example that the risks represent a portfolio of potential losses in
nearby geographical areas due to damage of property. If a natural catastophy
would occur, resulting in huge losses for a certain area it is very likely that the
insurance company also faces huge losses for nearby areas. In such a case it seems
reasonable to assume that the underlying dependence structure has the property of
tail dependence even if the limited amount of historical data suggests the opposite.
To price this contract we need to calculate the expected loss to the reinsurer, E(L,,).
Figure 9.5 shows the expected loss to the reinsurer for the Gumbel and Gaussian
dependence structure in the trivariate case. The results where obtained using Monte
Carlo simulation (100000 runs).

Suppose all three losses exceed their 99% Value-at-Risk. Assuming a Gaussian
dependence structure when the true dependence structure is given by a Gumbel
copula will result in the loss to the reinsurer being approximately 4 times or more
the loss expected. For a bigger n the situation will be a lot worse.
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9 Modelling Extremal Events in Practice

The preceding results show that when pricing contracts which depend on si-
multaneous exceedences of high thresholds, knowledge of pairwise correlations and
marginal distributions is not enough.

The results could easily be generalized to the case with different margins, dif-
ferent pairwise correlations and [ < n. However, it would then not be as easy to
observe the effect of different copula choices.
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9.2 The Perfect Storm
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Figure 9.6: The first figure shows daily stock returns for BMW-Siemens. (X1,Y1)
have a tg-copula, (X2,Y2) have a Gaussian copula and (X3,Y3) have a
Clayton copula. All margins are t4-distributed and all pairs have linear
correlation 0.64.

9.2 The Perfect Storm

The upper left plot in figure 9.6 shows daily stock returns during a 4000 day period
for BMW and Siemens stocks. It appears that a big fall in the stock price for e.g. the
BMW stock also means a simultaneous big fall in the stock price for the Siemens
stock. The understanding of how to model such phenomena is highly relevant.
Extreme, synchronized rises and falls in financial markets occur infrequently — but
they do occur. The problem with most models used is that they do not assign a
high enough chance of occurrence to the scenario in which many things go wrong
at the same time — the “perfect storm” scenario.

In this chapter we will measure the “risk” of a linear portfolio of hypothetical
equities. We will do this by considering risk measures which describe the tail of the
distribution of the linear sum.

To model a risky scenario such as the one shown in figure 9.6 we clearly need cop-
ulas with lower tail dependence, since the dependence structure of the observed data
seems to have that property. The plots apart from the upper left plot show samples
from bivariate distributions with t4-margins but different dependence structures.
We have chosen t4-margins because heavy tailed margins seems to fit the data and
we want the margins to have finite third moments since this is in line with what is
often observed. Furthermore, all four plots show data with linear correlation 0.64,
which is the empirical estimate for the data.

One relevant question is the following: Given that a loss exceeds a high threshold,
by how much can that threshold be exceeded? To try and answer this question,
we will consider measuring the tail risk for a linear portfolio of stocks using a risk
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9 Modelling Extremal Events in Practice

measure called expected shortfall. We begin with the concept of mean excess over
thresholds which is closely related to expected shortfall. The study of mean excesses
over thresholds is a classical idea used in insurance and financial risk management.

Let u be the threshold and define the excess distribution above the threshold for
a random variable X with distribution function F' to have the distribution function

F,(z) PX —u<z|X >4
F(z+u) — F(u)

1—F(u)

for 0 <z < xp — u where xp < 0o is the right endpoint of F.
Let the mean excess of the random variable X be given by

ex(u) =E(X —ulX > u).

We sometimes write e(u) when it is clear which random variable we mean. The
mean excess of X, ex(u), can also be expressed as

ex(u) = /:Fu 2 dF,y (z) /:F (z—u)dF(z)

—w 1—F(u)
/””F Fia:) dx.
w=u F(u)

For the standard normal distribution

where ¢ and ® are the density and survival function of standard normal respectively.
It can be shown that

<

(u)
(u)

for large u, and it then follows that

=u(l+u"?+o(u?),

&

lim 36

U—00 u

=1

For the t-distribution with v degrees of freedom it can be shown that

u+ e(u) _ V(1 + uQ/V)_(l’_l)/2
u (v —1)B(1/2,v/2)ut,(u)’

where B(p,q) = Fr(fﬁi(qg)

univariate standard t-distribution with v degrees of freedom. It follows that

is the Beta function and %, is the survival function of

lm “EeW vy
U—00 u l/—l

A measure of risk based on this idea is the expected shortfall. Let X be a
random variable with distribution function F'. Then the expected shortfall of X at
the probability level ¢ is given by

S, = E(X|X > z,),
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Figure 9.7: Expected losses over thresholds — simulation results.

where x, = F(=Y(q). Equivalently x, =VaR,(X) which is the well known Value-
at-Risk of X at probability level q. The expected shortfall of X can be expressed
in terms of the mean excess of X as

Sq _ wqt+e(zq)

Tyq Tq .

It follows that if X is a normally distributed random variable, then S;/z; — 1 as
g — 1. If X has a t-distribution with v degrees of freedom, then S;/z, — v/(v —1)
as ¢ — 1. If X represents a loss and we assume that the loss exceeds some high
threshold u, then if X is normally distributed the expected loss exceeds u by only
some small percentage. On the other hand if X has a t-distribution with 2 degrees
of freedom the expected loss exceeds u by over 100%.

Consider a portfolio of n stocks. Suppose that the stock prices are S;(t), for
i=1,...,nand t € N. Let X;(t) = (S;(t + 1) — S;(¢))/S:(t) be the stock returns.
Suppose that the portfolio on day ¢ gives the stochastic return

Z aka(t),
k=1

where ay, denotes the weight of stock k and ) ,_, ay; = 1. Assume for simplicity
that o = 1/n for all k. Assume stationarity and drop the dependence on ¢. Then
the portfolio gives the stochastic return

Thus it seems reasonable to study expected shortfalls for the random variable
ZZ=1 Xk, where n represents the number of stocks in the portfolio. Figure 9.6
suggests an n-copula with (lower) tail dependence. Furthermore the marginal dis-
tributions seem to be heavier tailed than the normal distribution.

Figure 9.7 shows simulation results for expected shortfalls for the random vari-
able ZZ=1 X in the case where n = 10 and all pairwise linear correlations are
0.7. The upper curve results from simulation from a 10-dimensional ts-copula with

75



9 Modelling Extremal Events in Practice

50
45

40

N w w
a S a
T T T

Expected Shortfall

N
=)
T

10

Threshold

Figure 9.8: Expected losses over thresholds — simulation results.

standard to-margins, the lower curve results from a 10-dimensional Gaussian cop-
ula with standard normal margins and the middle curve from a 10-dimensional
to-copula with standard ty-margins. As seen in figure 9.7 the plot is erratic for
large thresholds, when the averaging is over very few excesses. For the Gaussian
copula (the lower curve) this is expected since it doesn’t have lower tail dependence.
Note that if X1,...,X,, are to-distributed random variables with mean zero, then
so is ZZ=1 X, If Xq,...,X, are normally distributed with mean zero then so is
> h_y Xk. With this and the above results in mind, the simulation results shown
in figure 9.7 are not surprising. Note also that there are many other multivariate
copulas which can be used to model this scenario.

Figure 9.8 and 9.10 show simulation results of expected shortfall and Value-
at-Risk for the random variable Z?:l X;, where the X;:s all have standard ty4-
distributions and the pairwise Spearman’s rank correlation is 0.7 for all pairs X;, X},
i # j. In both figures the curves from upper to lower represent the cases where
(X1,...,X5) have a Gumbel copula, a t-copula and a Gaussian copula respectively.
Gumbel copulas have upper but no lower tail dependence. Therefor we here choose
modelling losses as positive. Figure 9.9 shows expected shortfall for the random
variable Zle X; for the two cases where the dependence structures among the
risks are given by Gaussian and te-copulas. The upper curve shows the expected
shortfall for the ty case and the lower curve for the Gaussian case.

Note that since the margins and rank correlations are the same in all cases, the
differences are attributable to copulas alone.

Note also that it would be just as easy to study the the random variable
Sohy apXy for different weights ap,k = 1,...,n, for different distributions for
the Xs and different pairwise rank correlations. However, the differences between
the results for different choices of copulas would be less apparent.

The conclusions that can be drawn from this example is that when considering
risk measures which describe the tail of the distribution the choice of the copula
representing the dependence structure among the risks is very important. Further-
more, unlike expected shortfall, VaR does not quite reveal the extra risk inherent
in a dependence structure with tail dependence.
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Figure 9.9: Expected shortfall to quantile ratio — simulation results.
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Figure 9.10: Value-at-Risk — simulation results.
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10 Conclusions

In this paper we have shown why knowledge of copulas is essential for understanding
dependence among random variables. We have presented copula based measures of
association and dependence concepts such as tail dependence which provide a nat-
ural way of studying dependence. Furthermore, these measures and dependence
concepts have the very nice property of invariance under strictly increasing trans-
forms of the underlying random variables. This also means that the problem of
finding multivariate models which are consistent with the prespecified margins is
much simplified.

We have presented a large number of copula families and suggested natural mul-
tivariate extensions with interesting properties and dependence structures. Since
much of the literature in this area is basically concerned with the bivariate case,
we have focused on multivariate extensions of bivariate copula families and exten-
sions of bivariate results to general dimensions. A main aim of this paper has been
constructing efficient algorithms for random variate generation for the presented n-
dimensional copula families. This is interesting from a theoretical point of view but
perhaps more for practical purposes, since it provides a basis for general simulation
tools for modelling dependence in practice. Applications for risk management in
insurance and finance are discussed, where we have used copula based measures of
association which do not suffer from some of the drawbacks of linear correlation.

It should be noted that although the study of copulas and their applications in
statistics is a rather modern phenomenon, a basic knowledge of probability theory
and statistics is enough to understand all results.
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11 Appendix

To emphasize the usefulness of copula ideas when modelling dependence in practice,
this chapter contains sample programs relating to the algorithms presented in the
previous chapters and a few examples of how they are used. The programs are
written in Splus.

11.1 Implementations

A few possible implementations of the algorithms discussed in the previous chapter
are shown below.

# Generates random variates from a multivariate standard normal
# distribution with linear correlation matrix x using Cholesky
# decomposition.
# Returns a matrix with n rows and siz columns. Every row is a
# random variate.
rmn<-function(n, x = matrix(c(1, 0, 0, 1), 2, 2))
{

V <- NULL

U <- chol(x)

siz <- dim(x) [1]

for(i in 1:n)

{
Z <- rnorm(siz)
res <- t(U) %*% Z
V <- cbind(V,res)
}
(V)

# Generates random variates from a multivariate t
# distribution with linear correlation matrix x.
# Returns a matrix with n rows and siz columns. Every row is a
# random variate.
rmt<-function(n, df, x = matrix(c(1, 0, 0, 1), 2, 2))
{
dimen <- dim(x) [1]
chi <- 2 * rgamma(n, shape = df/2)
ml <- rmn(n, x)
m2 <- matrix(rep(sqrt(df)/sqrt(chi), dimen), ncol = dimen)
return(ml * m2)

# Generates random variates from the Gaussian n-copula
mvsncopula<-function(n, isKTau, rcor)
{

dimen <- dim(rcor) [1]

lcor <- matrix(0,nrow=dimen,ncol=dimen)

row <- col <- 1

while(row <= dimen)

{

while(col <= dimen)
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if (rcor[row,col] == 1)

lcor[row,col] <- 1
if ('isKTau)

lcor[row,col] <- 2*sin(pi*rcor[row,col]/6)
if (isKTau)

lcor[row,col] <- sin(pi*rcor[row,col]/2)

col <- col + 1

}
row <- row + 1
col <- 1

}

X <- rmn(n, lcor)

Z <- NULL
for(i in (1:n))
Z <- rbind(Z, pnorm(X[i,], 0, 1))

# Generates random variates from the t n-copula
mvstcopula<-function(n, df, lcor)
{

X <- rmt(n, df, lcor)

Z <- NULL
for(i in (1:n))
Z <- rbind(Z, pt(X[i,], df))

Z
}

# Distribution function for the random variable C(U,V), where C
# is the Gumbel copula and U and V are uniform (0,1) random var.
KCg<-function(x, teta, subt)
{

x*(1 - log(x)/teta) - subt
}

# Generates random variates from the m-dimensional (m - 1)-parameter
# recursive extension of the Gumbel copula.

# The theta values in theta must be in non-decreasing order.
recGumbel<-function(n, theta, dimen)

{

Z <= runif (n)

U <- NULL
cnt <- 1
while(cnt < dimen)

{

Q <= runif(n)
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W <- NULL
for(i in (1:n))
{

lval <- 0.001
while(KCg(lval, thetalcnt], Z[i]) > 0)
lval <- 1lval/10
res <- uniroot(KCg,lower=1lval,upper=1,teta=thetalcnt],
subt=Z[1i])
W <- rbind(W, unlist(res[1]))
}

U <= cbind (W~ ((1-Q) ~(1/thetalcnt])),U)
Z <- W (Q~(1/thetalcnt]))

cnt <- cnt + 1
}
U <- cbind(Z,U)

U
b

# Quantile functions for various univariate distributions.

snormal<-function(sampledata)
{

gnorm(sampledata)

}

suniform<-function(sampledata)
{

sampledata

}

exponential<-function(sampledata, lambdaval)
{

gexp(sampledata, lambdaval)
}

frechet<-function(sampledata)
{

- 1/log(sampledata)
}

tdistr<-function(sampledata, df)

{
qt (sampledata, df)
}

gdistr<-function(sampledata, param)
{
qgamma (sampledata, param)

3
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lognormal<-function(sampledata)
{

glnorm(sampledata)
}

# Transforms In samples to Rn samples according to the given
# marginals.
simulRn<-function(samples = stop("no samples arg"),

margins = stop("no margins arg"),

params = stop("no params arg"),

n)
{
X <- NULL
for(i in 1:n)
{
res<-switch(margins[i],
SNormal = snormal (samples[,i]),
SUniform = suniform(samples[,i]),
Exponential = exponential (samples[,i], params[i]),
Frechet = frechet(samples[,il),
Tdistr = tdistr(samples[,i], params[i]),
Gdistr = gdistr(samples[,i], params[i]),
Lognormal = lognormal(samples[,i])
)
X <- cbind(X, res)
}
X
}

11.2 Examples

An example of how to use the programs is shown below. We begin with simulating
2000 random variates from a Gaussian 5-copula with Spearman’s rank correlation
matrix rcorm. After that we check pairwise Spearman’s rank correlations for the
data and apply t-margins with different degrees of freedom. Then we proceed with
checking that the rank correlations are the same and look at the linear correlation
matrix for the transformed data. This shows that the linear correlations are not
invariant under strictly increasing transformations of the margins. When we apply
both t-margins and standard lognormal margins this is even more obvious. Finally,
we simulate 2000 random variates from a trivariate extension of the bivariate Gum-
bel copula. The Spearman’s rank correlations for the data is seen to close to the
expected rank correlations p1o = 0.7 and p13 = p23 = 0.5.

> rcorm
(,11 [,2] [,3] [,4] [,5]
[1,] 1.0 0.7 0.7 0.7 0.7

[(2,] 0.7 1.0 0.7 0.7 0.7
(3,1 0.7 0.7 1.0 0.7 0.7
(4,1 0.7 0.7 0.7 1.0 0.7
[5,] 0.7 0.7 0.7 0.7 1.0
>

> copvals<-mvsncopula(2000,F,rcorm)
> cor(rank(copvals[,1]) ,rank(copvals[,2]))
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[1] 0.6886402
> cor(rank(copvals[,1]) ,rank(copvals[,3]))
[1] 0.6976064
> cor(rank(copvals[,1]),rank(copvals[,4]))
[1] 0.6984134
> cor(rank(copvals[,1]) ,rank(copvals[,5]))
[1] 0.7181849
>
> rnvals<-simulRn(copvals,c("Tdistr","Tdistr","Tdistr","Tdistr",
"Tdistr"),c(3,4,5,2,6),5)
>
> cor(rank(rnvals[,1]),rank(rnvals[,2]))
[1] 0.6886402
> cor(rank(rnvals[,1]),rank(rnvals[,3]))
[1] 0.6976064
> cor(rank(rnvals[,1]),rank(rnvals[,4]))
[1] 0.6984134
> cor(rank(rnvals[,1]),rank(rnvals[,5]))
[1] 0.7181849
> cor(rnvals)

res res res res res
res 1.0000000 0.6410928 0.6762915 0.5833469 0.6941502
res 0.6410928 1.0000001 0.6857604 0.6093035 0.6740947
res 0.6762915 0.6857604 1.0000000 0.6182865 0.7004315
res 0.5833469 0.6093035 0.6182865 1.0000001 0.6079597
res 0.6941502 0.6740947 0.7004315 0.6079597 1.0000001
>
> rnvals<-simulRn(copvals,c("Tdistr","Tdistr","Lognormal",
"Lognormal","Lognormal"),c(3,3,0,0,0),5)
>
> cor(rnvals)

res res res res res
res 1.0000000 0.6198149 0.5630721 0.5432518 0.5884659
res 0.6198149 1.0000000 0.5224883 0.5557166 0.5431907
res 0.5630721 0.5224883 1.0000000 0.6004927 0.5706847
res 0.5432518 0.5557166 0.6004927 1.0000001 0.6274458
res 0.5884659 0.5431907 0.5706847 0.6274458 1.0000000
>
> copvals<-recGumbel(2000,c(1.54,2.07),3)
>
> cor(rank(copvals[,1]),rank(copvals[,2]))
[1] 0.7183862
> cor(rank(copvals[,1]),rank(copvals[,3]))
[1] 0.4746474
> cor(rank(copvals[,2]),rank(copvals[,3]))
[1] 0.4705604
>
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